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An analytical model is developed for the vertical coherence of the ambient noise field generated by
a plane of sources at a finite depth beneath the ocean surface. To clarify the effects of source depth
on the noise field, the relatively simple case of a semi-infinite ocean with an isovelocity profile is
considered. The expression derived for the coherence is exact; it depends on the source depth
explicitly, and it includes the homogeneous and inhomogeneous components of the field. When the
sources are shallow, that is, the source depth is much less than a wavelength and the source—image
pairs act as dipoles, the coherence is an oscillatory function of frequency, consistent with an earlier
theory of noise coherence in deep water. With deeper sources, the dipole description fails and the
coherence function becomes approximately independent of frequency. This change of character
suggests that the spatial structure of the noise field at depth in the ocean could be inverted to yield
information on the acoustic properties of the bubble sources associated with breaking surface waves.
© 1997 Acoustical Society of Amerid&0001-496@07)04311-7
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INTRODUCTION of the source layer was taken to be so small that it simply
' o _ ' cancels out of their expression for the noise coherence func-
Ambient noise in shallow water is strongly influenced tion, Similarly, in several of the more sophisticated noise
by the proximity of the seabed, Whlc%a?od!ﬂes the spatialynogels that were to follow, the source depth is absent from
Etructure Iof tr:je n0|se|f|eld 'r? tge \_/ertlf .Th|s gffect has the theoretical description of the coherence.
een exploite rgcepty as the asiS Of a NOISe INVETsIon pro- g present article evolved out of our attempts to invert
cedure for quantitatively determining the phase speeds of th% . . .
the vertical coherence of ambient noise in shallow water for

compressional and shear waves in the sedfied. _
P the geoacoustic parameters of the botfbfio perform rea-

In addition to the bottom, an important factor affecting e i . il he higher f ..
the spatial coherence of ambient noise in the ocean is trEonable inversions, especially at the higher frequer(ties

depth of the noise sources. Concentrating on wind-relateg"otUnd 600 Hz and above with a hydrophone spacing of 1
sources, particularly bubble formation arising from breaking™. We found that it is necessary to include explicitly the
wave events;” it is likely that the sources are at depths source depth in our noise model. Indeed, by so doing, the
between a few centimetres to a meter or so, depending o#epth of the sources became one of our inversion parameters,
surface conditions. At frequencies such that the source dep#iong with those describing the geoacoustic properties of the
is a small fraction of a wavelength, a source and its negativéottom.

image in the surface act as a dip‘?ﬂ@ and exhibit the char- To illustrate the effects of source depth on the vertical
acteristic dipolar radiation pattern, showing a null in thespatial structure of the noise a relatively simple model is
horizontal; but at higher frequencies, where the source dept§eveloped here, which is an extension of the original deep-
is a significant fraction of a wavelength or greater, the dipol&yater model of Cron and Sherm&h'? that is to say, to
description is no longer valid. The transition from dipole c|arify the relationship between source depth and vertical
behavior to two monopoles of opposite sign introduces SOM@gperence, the influence of the bottom has been removed
interesting features into the vertical coherence structure Cﬁom the problem entirely. The analysis leads to an exact,

the ambient hoise f|eld.' . closed-form expression for the vertical coherence of the
The earliest theoretical model for the spatial coherence . . . L
S noise in which the source depth appears explicitly as a pa-

of surface-generated noise in the ocean was developed bg ) o
Cron and ShermaH:'2 They represented the ocean as a' meter. This result for the coherence function includes

semi-infinite half-space with a uniform sound speed profile fMS representing both the homogeneous and inhomoge-

and assumed that the noise sources were distributed at raf€oUs components of the noise field, although the latter is
dom points in a layer lying immediately beneath the surface€ntirely negligible at receiver depths greater than a wave-
Their treatment is approximate in that it neglects the spatiallyength. In the limit of zero source depth, the homogeneous
inhomogeneous component in the noise field; and the deptierm reduces to the form derived by Cron and SherMa,

as required. A finite source depth, on the other hand, intro-
dAlso affiliated to: Institute of Sound and Vibration Research The Univer-duces a significant departure from Cron and Sherman’s re-
sity, Southampton SO17 1BJ, England. sult.
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I. PROPAGATION IN A SEMI-INFINITE ISOTROPIC annulus of

OCEAN noise sources
at depth z' r dr

A fundamental element of any ambient noise model is
the Green'’s function repr_esenting the propaggtion between_ seasurface — — — — @& B = _ _ _ _
single source and a receiver. In the case of interest here, i P /
which a monopole source radiates sound beneath a pressul
release sea surface, the Green'’s function can immediately k
stated as the difference between two spherical spreadin
terms, each of the forr@*R/R, wherek is the acoustic wave hydrophone 1

- ; ; ; atdepthz >

number,j=+—1, andR is the distance between receiver 1 6,060)
and source in one case or receiver and image in the othe d=(yzy) 2
This formulation of the Green’s function was Cron and !
Sherman'$"'? starting point, but, as they pointed out, it hydrophone 2 J
leads to unmanageable integrals in the analysis of the nois at depth z, »
and forces the introduction of an approximation that we wish
to avoid. FIG. 1. Schematic showing a vertically separated pair of hydrophones cen-

. . , . tred on an annulus of near-surface noise sources. The Green'’s fun@tons
An alternative expression for the Green’s functi@, and G, are the Fourier transform@vith respect to timg of the velocity

Qf a single source i$ Obtained_ by solving the He|mh0|t? €QUapotential of a single noise pulse at each of the sensors, and hence are func-
tion using a cylindrical coordinate system with the origin attions of angular frequencys.

the surface and the axis vertical, passing through the re-

ceiver. Depth is positive downward. The details of the analy- ) . -
sis are given in the Appendix. The solution fGris in the were present, for instance, wind sources and shipping, then

form of an inversion integral over horizontal wave number,the spectra_l shape_s of the Sources would infl_uen(_:e the coher-
ence function. This, however, is not the situation we are

P considering.
G=— i “p {el n(z=2') _ gl n(z+z’>}J (pr)dp _C_)bviouslyz Eq.(2) can be integrated to y.ield the two
Amj Jo 7m 0 ' familiar spherical spreading terms representing the source

and its negative image in the surface. Although EL.is
z>7', D seemingly more complicated than these two simple terms,
wherer is horizontal rangez andz’ are receiver and source there is nevertheless an advantage to be gained by using the
depths, respectivelyly(---) is the Bessel function of the inversion integral expression f@ when it comes to estab-
first kind of order zeroQ is the source strength, and the lishing a complete and exact model of the surface-generated

vertical wave number is noise field.
=k2=p?, Im(7)>0. 2
7 . P ) ) . @ Il. THE NOISE MODEL
The inequality in Eq.(2) ensures that the solution fd& _ _ _
converges at infinite depth. In E€L) it is apparent tha is As in previous models of surface-generated noiShe

a function of frequency, since the radicaldepends on the sources are assumed to be independent and Poisson distrib-
wave numberk= w/c, wherew is angular frequency and  uted in a plane beneath the sea surface. The surface is split
is sound Speed in the medium. This frequency dependendeto concentric annuli centred on the receiver pair, as shown
arises becaus6 is the Fourier transfornfwith respect to  in Fig. 1, and the contribution to the cross-spectral density of
time) of the acoustic pulse arrival at the hydrophone from athe noise at the receivers from the sources in each annulus is
single, near-surface, transient source at horizontal range established from Carson’s theorem. The cross-spectral den-
Such a source could be, for example, a breaking surfacgity of the noise from the sources within all the annuli is then
wave, which, through the radial oscillations of the associatedound by integrating over the whole surface.

subsurface bubbles, generates a pulse of sound lasting sev- This procedure, which is discussed in Ref. 13, leads to

eral seconds. the following range integral for the cross-spectral density:
It is implicit in Eq. (1) that the source strengtl, is _ o
independent of frequency and hence that the source is an 312=4v7TJ’0 rG,G3 dr, ©)

impulse occurring at timé¢=0. Such a source has a white
spectrum, which is an unrealistic representation of the soundihere the overbar and the asterisk denote an ensemble aver-
from breaking waves. For our purpose, however, this is of n@ge and complex conjugation, respectively, anslthe mean
consequence because the normalization used in forming thrate of source pulses per unit area of surface. The subscripts
noise coherence function is such that the source spectruthand 2 identify the Green’s functions at receiver depths
cancels out. Indeed, the fact that the coherence function dend z,, respectively, from sources within the annulus at
pends on the propagation conditions but is independent afanger and of thicknesslr. When the wave number formu-
the spectral shape of the sources makes it attractive as thation in Eq.(1) for the Green’s functions is substituted into
basis of noise inversion techniques for characterizing thé&qg.(3), the expression for the cross-spectral density takes the
ocean environmentlf two or more types of noise process form of a triple integral:
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__ VQ2 o) <] o pp/ * , 312
S= 2 Jo fo Jo [y F(P 2P (P2 =

XJo(pr)Jo(p'r)r dr dp dp’, (4a) jerikd  (gmikd_1q) 1

wherep’ is a dummy horizontal wave number, and kd + (kd)2 + (2kzo)?

F(p,z)=elnz=2) _ginz+z)= _2jel" sin pz'.  (4b) ~ 1 12 1 12" 11

+ +
The integral over range in Ed4a) is the Bessel function { 2(kzl)2] { 2(kzz)2’
closure relation, This expression for the coherence function is independent of
) s(p—p’) the source depthz’, which cancels out when the cross-
fo rJo(pr)Jo(p'r)dr= 0 (5)  spectrum is normalized by the power spectra.

If the inhomogeneous terms are ignored, Etl) be-
which is a convenient result, since the appearance of theomes

Dirac delta function means that one of the two remaining

: . ) ) je ikd (eTlkd_1q)
integrals can be performed immediately, to yield F12%2[ Tt ka2 ] (12)
2 (o
Si= Zi f Lz F(p,zy)F*(p,z,)dp. (6)  which is Cron and Sherman’s restlt?for the coherence of
™ Jo [7] deep-water, surface-generated noise. The more complete ex-

Equation(6) is an exact expression for the cross-spectraPression, in Eq(11), containing the inhomogeneous as well
density that is valid provided both sensors lie below theds the homogeneous terms, was derived by Isakovich and
noise sources. It can be further reduced by splitting the inteKuryanov* and, using a different approach, by
gration range into two regions, from zero koandk to in-  Buckingham’® in both cases in connection with low-
finity. By making a change of variable, and with a little frequency ambient noise generation in the ocean. It is clear

algebraic manipulation, the cross-spectral density then bdfom Egs.(9) to (11) that the inhomogeneous noise is negli-
comes gible at sensor depths greater than a wavelength. At shal-

A lower depths, however, the inhomogeneous noise component
o QZ K e*]nd e g . .
v f (1—cos 272 )d may be a significant or even a dominant contributor to the
27 2m o 7 n field. For instance, in the case of infra-sonic noise at a fre-
vy quency of 1 Hz and a depth of 40 m, the ratio of the inho-
4 fx ° (cosh Zz' —1)d¢}, (77  Mogeneous to .homogen.eous components in the power spec-
& trum [Eq. (10)] is approximately 18:1.
The series approximation leading to Cron and Sher-
man’s expression in Eq12) is valid when X%z’ <1, which
d=z,—2z; and zy=(z;+2,)/2 (8) is also the condition that identifies a source and its negative

image in the surface as a dipdféWhen this condition is not

are the sensor separation ar_1d mean sensor depth, r€SP&Siisfied, that is, when the source depth is greater than a
tively. Since the first integral in Eq.7) depends on sensor small fraction of a wavelength, Eq12) no longer provides

separation but not absolute position, it represents the hom%fn accurate description of the coherence. The more general
geneous component of the noise field. The second integral

@xpression in Eq(7), on the other hand, represents the co-

a function of the.mea.n depth of the Sensors and_ hence "Herence exactly, however deep the source plane is beneath
resents the spatially inhomogeneous noise. Notice that tht‘f‘]e surface

source depthz’, appears explicitly in both integrals.

No approximations have been made in arriving at Eqlll. EXACT TREATMENT OF THE SOURCE DEPTH
(7). If, now, the two terms containing the source depth are  To investigate the effect of source depth on the noise
approximated to second order by their series expansions, th@herence, the second-order series approximations for the
integrals can be expressed explicitly in terms of elementaryrigonometric and hyperbolic functions in EZ) must be

where

functions. Partial integration then leads to the result abandoned. Returning to the exact result for the cross-

o PO [l M ey 1 ) Shedaldenly of e ase i &) e plegrands ey be

~ + + . ,
12 kd (kd)2 (2k20)2 ’ ( ) p , p Y
— Q k . A , . )

and, to the same order of approximation, the power spectrur,;= 7 — { f [2e 17— g In(d+22)) _ g=in(d=22')]
at each of the receivers is 0

o 22512 1 dny ® . B , B dé

$i%VQ A | 10 X_+J' [e2620-2) 1 g~ 26(20+7') _ g 2520]? _

2 2(kz) Uj 0

where the subscript=1 or 2. Thus to this level of approxi- (13
mation, the coherence between the noise fluctuations at tHeach of the terms in this expression is an exponential
two sensors is integrall’ and each has a lower limit of zero, as a conse-
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guence of which it diverges. However, all is not lost, for if x (1—cosXx)

the lower limit is replaced by and the limit taken as goes Cin(x)=f —  dx (19
to zero, all the divergent terms cancel, leaving an expression 0

for the cross-spectral density that is well-behaved. With these expressions, in conjunction with E¢$5) and

To illustrate the cancellation, consider the exponential16), the cross-spectral density in Ed.3) becomes
integral

o0 e_x P VQZ . ’ . ’
Ei(_e):_f —dx, (149 S12= | {Cin[k(d+22')]+ Cin[k(d—22')]
- - - - - ,2
which in the limit can be written as —2Cinkd]}—In|1- — +j{Sik(d+22")]
lim{Ei(—e)}=y+In(e), (14b 0
E*}O

+Si[k(d—2z')]—2 S{kd]} | (20)

wherey=0.577 215 7... is Euler’s constant. Now, on taking

the inh t in E find that . . i .
& inhomogeneous term in EL3), we find tha Equation(20) is our final formulation of the cross spec-

. d trum of the noise. Although it contains two special functions,
| = lim f {e~%(20-2') | g~ 2&(z0+2") _ o= 2¢20) aé Cin(---) and Si{--), these are entire functiorise., they show
e & no singularitiey that are particularly fast and accurate to

e—0

— lim{2 In(2ezg) — IN[2€(zo+2') ]~ IN[ 2€(2g— 2') ]}

e—0

approximation'® depending on the value of the argument.

Thus even though Cirr-) and Si---) are defined as inte-
z'? grals, no numerical integration is necessary to evaluate any

= '”{ 1- ?} (15 of the terms of Eq(20). The power spectrum at either of the

o 0 ) S ] receivers is found from Eq20) by setting the element spac-
which is finite. Following a similar line of reasoning, the jng d, equal to zero:

exponential integrals of imaginary argument in ELB), rep-

. . o VQZ . 12 .
resenting the homogeneous field, can be expressed as S, = — (2 Cin(2kz')—In| 1— z_,2 ) i=1,2. (21)
J=1lim fk{ze—jnd_e—jn(d+22/)_e—jn(d—Zz’)} dn Note that, since no approximations are present in Egs.
en0Je n (20) and(21), they are generally valid for any source depth.
By performing a Taylor expansion to second order in the
2 variable Xz', these results reduce identically to the approxi-
=In{ 1— —5 +2 Ei[ — jkd]—Ei[ — jk(d+2Z’ ; !
n[ d [ =ikd]—Bi[—jk(d+22')] mate forms in Eqs(9) and(10). The truncated Taylor series
o , are valid provided Rz’ <1, which is the condition that iden-
—Ei[—jk(d=2z)], 18 ifies a source and its negative image in the surface as a
a result which is also finite. dipole. When this condition holds, Eq&9), (10), and the

At this point, it is convenient to introduce the identfly Cron and Sherman expression for the coherence in(E.

compute using either a series expansion or a rational

are valid. However, for greater source depths or frequencies

7]')(

Ei(—jx)sfx ¢ dx such that Xz'>1, indicating nondipole behavior, the exact

= X expressions in Eq$20) and(21) are the appropriate forms to

= y+In(X)—Cin(x)—j Si(x)+jm/2, (17 US&
where IV. EFFECTS OF SOURCE DEPTH ON COHERENCE
To form the coherence functiolh,;,, the cross-spectral
_ x sin X density is normalized by the square root of the product of the

Si(x) = 0 X dx (18)  power spectra, as defined in Ed.1). Thus from Eqs(20)

is the sine integral and tion, including the inhomogeneous terms, are

3 {Cin[k(d+22")]+Cin[k(d—22')]—2 Cin(kd]} — In[1—2'%/Z3]
~ {2Cin(2kZ')—In[1—2"?/Z5]}Y%2 Cin(2kZ') — In[11— 2 %/ z5]}

Re(T';o) (229

and
{Si[k(d+22")]+ Si[k(d—22")]— 2 S{kd]}
{2 Cin(2kz')—In[1—Z'?/Z2]}Y2 Cin(2kZ') — In[1—Z'?/ 5]} Y%

Im(T 1) = (22b)
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) ) ) FIG. 3. (a) Real and(b) imaginary coherence curves as a function of fre-
FIG. 2. Effect of increasing source depth on the coherence function. Th‘auency for an interelement spacinga# 1 m. The dashed curves are from
solid and dashed lines are, respectively, the real and imaginary pdits,of  cron and Sherman’s expression, Ef2), and the solid lines are from the
as calculated from Eqs(23). (a) z'=0 (Cron and Sherman (b) z'/d exact result in Eqs(23) for a source depth of’ =0.3 m. The differences
=0.25; and(c) z'/d=0.5. between the curves in both panels occur to the right of the vertical dashed
line, indicating the frequency at whichk2'=1. To the left of this vertical
line, where the source-image pairs act as dipoles, the curves are indistin-
For receiver depths where the inhomogeneous noise, reprguishable.

sented by the logarithmic terms, is negligible, these expres-
sions reduce to

{Cin[k(d+22')]+ Cin[k(d—22)]— 2 Cinkd]}

Eqg. (12) is adequate; but it fails at higher frequencies, where
the source depth is comparable to or greater than the wave-

RdFlZ): ZCIn(ZkZ/) Iength . o
(233 Breaking waves inject bubbles beneath the ocean sur-
face. At the instant of formation the bubbles ring for a few
and milliseconds'® thus creating the major part of the wind-
SiTk(d+22' )1+ SiTk(d—22')1— 2 STkd generated noise field. The depth of the acoustically active
Im(T 1) = {Sik( )1+ Stk( )] L ]}, bubbles is uncertain, although an estimate of 1.5 m has been

2 Cin(2kz') determined from inversions of wave-breaking sdtiniea-

sured at wind speeds of 10 m/s or greater in the sea surface
The coherence in Eq$23) is a function of the two- bubble layer! If wave-driven sources do indeed penetrate to
dimensionless variabldsd andz'/d. Three examples illus- depths of order 1 m, then, judging by Figs. 2 and 3, the
trating the effect of the source depth on the coherence argpatial properties of the ambient noise field could provide a
shown in Fig. 2. In the case considered by Cron and Shemnseful measure of the source depth. Although speculative,
man, where the source depth is infinitesimal and the sourcdhis argument is supported by evidence that is present in
image pairs act as dipoles, the real and imaginary parts afeveral sets of noise coherence data collected from shallow
I';, are oscillatory in character, showing a sequence of zerwater sites around the U.K.
crossings. As the source depth increases, the curves tend to Fregquency-independent source depths were used to com-
flatten at the higher frequencies, where the oscillatory behawute the curves in Figs. 2 and 3. It is possible, however, that
ior is lost, and the higher zero crossings are absent. Thithe resonant bubble sources produced by wave breaking are
behavior can be attributed to the failure, at the higher fredistributed in depth according to their size, which scales in-
quencies, of the dipole description of a source and its imageersely with the resonance frequency. If, as has been sug-
in the sea surface. By way of contrast, at lower frequenciesgested by several authd’s;** a process of repeated bubble
the curves show the oscillations that are characteristic of suifracture is responsible for the bubble size distribution in the
face dipoles, consistent with Cron and Sherman’s modelpcean, the bigger bubbles, generating the lower frequencies,
which holds as an accurate representation of the coherenceay be formed at shallower depths than the smaller, higher-
Further illustration of the effect of source depth is shownfrequency bubbles. As an example of how such a mechanism
in Fig. 3, where the coherence is plotted as a function ofmight affect the coherence of the noise field, suppose that the
frequency rather than the dimensionless quarktity For a  source depth shows a frequency dependence of the form
source depth of just 0.3 m, it can be seen that the exact 2/ =7/(1—e "/fo) (24)
expression for the coherence deviates from Cron and Sher- 0 '
man’s result above 400 Hz, which is the frequency wherevheref is thee-folding frequency. The function in E§24)
2kz'=1. Thus at frequencies below 400 Hz, where theis shown in Fig. 4, where it can be seen that at low frequen-
surface-dipole description of a source and its image is apprceies the source depth scales approximately linearly with fre-
priate, Cron and Sherman’s expression for the coherence iguency, but with increasing frequency approaches the limit-

(23b
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- ' - - - - tesimal source depth. For deeper sources, however, where
the source depth is greater than a wavelength, the real and
imaginary parts of the coherence are approximately indepen-
dent of frequency, showing a form that is quite distinct from
that of the Cron and Sherman curves.

Although the source-depth model is idealized, it is use-
ful in providing some insight into the physics of subsurface
noise sources and the spatial structure of the associated noise
field at depth in the water column. Other factors, such as a
rough sea surface, which have been neglected in the model,
will also affect the spatial structure of the noise. Of course,
in a full numerical treatment of the problem, all such mecha-
nisms should be included.

An obvious feature that is absent from the model is the
6 7 8 9 10 seabed, which in shallow water channels has a profound ef-

fect on the vertical structure of the noise field. The compli-
FIG. 4. Frequency dependence of the source depth, as given by the functigited boundary conditions associated with a realistic base-
in Eq. (24). ment make it difficult, if not impossible, to develop closed-
form analytical expressions for the noise coherence in
ing depth, z), asymptotically. Figure 5 shows three shallow water that include the effect of a finite source depth.
coherence functions computed from Ed23), using the The natural alternative is an appropriate numerical tech-
function in Eq.(24) for the source depth. The differences nique. In fact, our shallow water noise inversions are based
between the curves in Figs. 2 and 5 are sufficient to suggesin an algorithm that includes the source depth as an inver-
that it may be possible to invert noise coherence data tsion parameter
establish the functional dependence of source depth on fre- The effect of the source depth on the vertical coherence

o

guency. of shallow water noise is qualitatively similar to the behavior
exhibited by the deep-water curves. With shallow sources,
V. CONCLUDING REMARKS where the source—image pairs act as dipoles, the real and

ilpaginary parts of the coherence are oscillatory functions of

_The analysis of deep-water, surface-generated amble'?requency,but both tend to become uniform with increasing
noise presented above illustrates that the depth of the sourchs

is an important factor influencing the vertical coherence o requency. The implication is that, in the higher-frequency

the noise field. When the source depth is significantly les (egime, the spatial structure of the noise is governed by sur-

i o : ?ace rather than bottom effects. This observation suggests
than a wavelength, a source and its negative image in the S?E\
o}

. : : at inversions of the noise coherence aimed at acquiring
surface act as a dipole, and the real and imaginary parts information about the shallow water environment could pro
the coherence function oscillate about zero as the frequen P

c : .
increases. Such behavior is consistent with that originally\%de bottom typing at lower frequencies, where the sources

redicted by Cron and Sherman2for the case of an infini- act as dipoles, and source-depth characteristics at higher fre-
P y quencies. In particular, the higher-frequency noise field may

yield the functional relationship between the depth of the

1 ; ' ; ; T T wind-driven sourcegbubbles and frequency. Such informa-

g ' /,_;_‘_ ? tion is relevant to the use of passive acoustic techniques for

FON T e e T inferring the void fraction profile in the sea surface bubble

° \\\_;,/ ; ; : ; layer and the gas flux across the air—sea interface due to
"o 2 7 I 10 12 14 wave breaking.

N
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° 2 ) R APPENDIX: THE GREEN'S FUNCTION
FIG. 5. Real(solid line) and imaginary(dashed ling coherence functions The Green’s functioni, of a point source at deptl

for three different values of the asymptotic source dep, computed ~ beneath a pressure-release surface is the solution of the
from Egs. (23) and (24). In all three panels the sensor separatiordis He|mholtz equation:

=1m and thee-folding frequency isf,=2kHz. (a) z;=0.5m; (b) z}

=1.0m; and(c) z,=1.5m. V2G+k*G=—-Qd8(r—r'), (A1)
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wherek is wave number; andr’ are the position vectors of Q _

the receiver and source, respectively, a@ds the source Gp=- m{U(Z—z’)Sm n(z—2")

strength. In cylindrical coordinates, with the axis vertical and

passing through the source, this equation is —u(z)el 72" gin 7z}, (A9)
19/ oG +azG+sz_ 8(r) 5 Ao where
ror \"ar) T ez te=-Q T 8(z=2), (A2) = K= p? (A10)

wherer is horizontal range between source and receiver, ant$ the vertical wave number and..) is the unit stefHeavi-
z is depth measured downward from the surface. Symmetr?ldé function. On taking the inverse Hankel transform of Eq.

eliminates any azimuthal dependence. (A9), we find that
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