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A unified theory of sound propagation in saturated marine sediments is developed on the basis of a
linear wave equation, which includes a new dissipation term representing internal losses arising
from interparticle contacts. This loss mechanism, which shows a ‘‘memory’’ or hysteresis, is
proposed as being responsible for the acoustic properties of sediments. To accommodate the
memory, the loss term in the wave equation is formulated as a temporal convolution between the
particle velocity and a material response function,h(t), which varies ast2n, where 0,n,1. The
compressional wave that emerges from the analysis shows:~1! an attenuation that scales almost
exactly as the first power of frequency~corresponding to a constantQ! over an unlimited number
of decades; and~2! weak logarithmic dispersion. As well as being characteristic of the wave
properties of actual marine sediments, the predicted attenuation and dispersion are consistent with
the Kronig–Kramers relationships. The theory also leads to pulse propagation that is strictly causal,
which, although a necessary requirement, is an issue that has been widely debated in the literature
in the context of an attenuation that is proportional to frequency. Finally, the wave properties~phase
speed and attenuation! are related to the mechanical properties~grain size, density, and porosity! of
a sediment by combining the Hertz theory of particles in contact with a new, rough-surface,
random-packing model of mineral grains in unconsolidated granular media. The resultant
relationships between the acoustical and mechanical properties~e.g., sound speed and porosity! of
marine sediments are shown to follow the trends of published experimental data sets very closely.
© 1997 Acoustical Society of America.@S0001-4966~97!04411-1#
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LIST OF SYMBOLS

cp compressional wave speed~m/s!
c0 compressional wave speed in absence

intergranular friction~m/s!
ap compressional attenuation coefficie

~nepers/m!
bp compressional loss tangent
Q quality factor
x f compressional dissipation coefficient
mc compressional frictional rigidity modu

lus
v angular frequency
k0 wave number in absence of intergran

lar friction
t time
p pressure fluctuation
v particle velocity
r density fluctuation
c(t) velocity potential
C( j v) Fourier transform ofc(t)
h(t) material memory function
H( j v) Fourier transform ofh(t)

a!Also affiliated to: Institute of Sound and Vibration Research The Univ
sity, Southampton SO17 1BJ, England.
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n material memory exponent (0,n,1)
ug mean grain diameter, microns
N porosity (0,N,1)
r0 bulk density of sediment (kg/m3)
k bulk modulus of sediment~Pa!
g volume ratio of smaller to larger grain

in a bimodal sediment
rw51024 kg/m3 density of pore water
rg52700 kg/m3 density of mineral grains
kw52.253109 Pa bulk modulus of pore water
kg51.4731010 Pa bulk modulus of mineral grains
D53 mm rms particle roughness
P50.63 packing factor of randomly packe

smooth spheres
u051000mm reference grain diameter
m0523109 Pa compressional frictional rigidity con

stant

INTRODUCTION

A substantial body of data supports the view th
compressional-wave attenuation in many porous, gran
materials varies more or less accurately as the first powe
frequency,f 1, over an extended frequency range, from 1
up to 1 MHz. The evidence for this observation has be
extensively discussed in a nicely argued review of the s

-
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ject by Kibblewhite,1 which includes a comprehensive bibl
ography covering much of the relevant literature.

A striking conclusion from Kibblewhite’s1 careful ex-
amination of the available data is that, in at least one clas
granular materials, i.e., dry sandstones, the attenuation s
accurately with the first power of frequency from seismic
high ultrasonic frequencies, a frequency range of some
decades. The fact that in dry, consolidated, porous media
attenuation varies asf 1 over so many decades suggests t
this type of attenuation may be attributed to a single l
mechanism, which can be identified from the geophysics
erature as an unspecified form of internal dissipation2–5 aris-
ing at grain-to-grain contacts.

The question of whether attenuation in saturated, unc
solidated marine sediments is accurately proportional to
first power of frequency is still under debate. Hamilton6,7 has
long argued, on the basis of extensive experimental
dence, that attenuation in marine sediments does indeed
hibit an f 1 dependence, a point of view which is shared
other investigators.8 On the other hand, Kibblewhite1 con-
cludes from the data of Hamilton6,7 and others that attenua
tion in fluid-saturated sediments does not accurately fol
the f 1 law. In these materials, he argues, there appear to
two mechanisms responsible for the attenuation, one b
‘‘internal friction,’’ which somehow gives rise to a linea
scaling with frequency, as in dry materials, and a second
to the viscosity of the pore fluid.5 The effects of viscosity, if
any, are said to manifest themselves globally through
relative motion of the pore fluid and the sediment frame~if
this has any meaning in the context of an unconsolida
medium!, and also locally through fluid motion in the neigh
bourhood of interparticle contacts. According to Kibbl
white’s argument, these additional viscous loss compon
are responsible for any deviation from thef 1 law in saturated
materials.

It is evident from Kibblewhite’s discussion1 that internal
dissipation, which is frequently stated~without proof! as giv-
ing rise to the proportionality between attenuation and f
quency, is a fundamentally important physical phenome
exhibited by granular materials,9 irrespective of whether they
are dry or wet. In the case of the latter, it seems that visc
losses could also be present, but to a degree that is
uncertain. The termcharacteristic attenuationis introduced
here to identify the component of attenuation that scales
curately asf 1, corresponding to a constant quality factor10

or Q. ~A possible alternative term isintrinsic attenuation,
but this is already in use1 to describe all internal loss mecha
nisms, such as internal friction and pore-fluid viscosity, b
excluding losses due to scattering and also energy con
sion losses arising from coupling between compressional
shear waves.!

A number of theories of attenuation in granular mate
als have been explored over the years. An early mechan
discussed by Morse,11 is bulk viscosity, corresponding to
frictional stress that is proportional to the particle veloci
However, viscous dissipation yields an attenuation t
scales as the square of frequency12 at low frequencies and a
the square root of frequency13 beyond some critical fre-
quency, and hence cannot account for the characteristic
2580 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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tenuation. Porosity is another candidate mechanism, but
well-known that a simple porous solid with a rigid fram
satisfying Darcy’s law,14 gives rise to an attenuation that
constant at high frequencies and scales as the square ro
frequency below a critical frequency.13,15Again, such behav-
ior does not match that of the characteristic attenuation.

Certain theoretical implications of a linear scaling b
tween attenuation and frequency have been discussed
Horton16 on the basis of the Kronig–Kramers dispersion
lationships. He initially concluded that there is no dispers
in a material showing the characteristic attenuation, which
consistent with the frequency-independent sound speed
served in several field measurements.17,18However, in a later
paper, Horton,19 acknowledging an algebraic error in his pr
vious analysis, pointed out that when the attenuation sc
with frequency the phase speed actually shows a very sl
logarithmic dispersion, in agreement with the theoreti
treatment of O’Donnellet al.20

Laboratory measurements of logarithmic dispersion
saturated medium sand have been reported by Wingham21 at
a level that agrees with O’Donnellet al.’s theoretical expres-
sion. However, the dispersion is so weak that a sensi
differential technique was required to detect it, which m
account for the fact that it was not observed in the fie
measurements of McDonal17 and Hamilton.18 White13 has
collated a number of hypothetical attenuation-dispers
pairs that have been proposed by various authors in effor
model the characteristic attenuation in granular materials

For a number of years, Hamilton22,23 has taken an em
pirical approach to modeling the geoacoustic properties
marine sediments. From a practical point of view, he has
great success with his models, although he does not cons
the specific mechanism responsible for the attenuation. H
ever, he does allow for the possibility of both dispersion a
an attenuation that deviates from anf 1 power law.

An entirely different modeling approach is found in th
classical works of Biot on the mechanics of porous, defor
able media.24–26 In his original theory, Biot assumed Po
seuille flow in a saturated porous medium with a linear el
tic frame. From this model, the functional dependence of
attenuation on frequency is the same at low frequencie
that due to viscosity, scaling with the second power of f
quency,f 2; and at higher frequencies it varies asf 0 ~a con-
stant!. After modifying the theory to include the effects o
viscosity in the vicinity of intergranular contacts, the fr
quency dependence of the attenuation takes the same
tional form as in the case of a viscous fluid: At low freque
cies the attenuation scales withf 2 and at higher frequencie
it is proportional to f 1/2. Thus the Biot theory, even in its
modified form, does not account for the characteristic atte
ation in granular materials.

Biot’s theoretical developments have been extended
Stoll27 in a long-standing effort to model the geoacous
behavior of marine sediments. The Biot–Stoll theory is
‘‘pseudo-harmonic’’ analysis in which the shear and bu
moduli of an assumed skeletal frame are treated as com
quantities and assigned a frequency dependence determ
from a match to data. This hybrid approach, a combinat
of analysis and empiricism, has had considerable succes
2580Michael J. Buckingham: Marine sediments



a
u

th
ia
ca
av
s

oll

n-
te

si
it

at

ith
b-
d
b

of
ri
u
g
ig
e

s
r
th

e-
n
fa
ric

ic
th
m
ac
em

a

iu
e

th
a
id
in
ro
e
ic
la
x

a
on

n is
ent

to
in

as

d-
ve

o-
vi-

tly
with

in
rine

ter-
-

lates

n-
. To
sity,
ing
of
the
ticle

ical
ted

by
sult
ani-

of
ting
ticle
he
oa-
ive,
des

gh-
res.

elet
tion
gh-

ay
n

or
, a
all
ical
far

lays
providing an accurate description of the geoacoustic beh
ior of many materials of interest to the geophysics comm
nity. However, the theory does not easily account for
characteristic attenuation exhibited by granular mater
over an extended frequency range. Moreover, issues of
sality and pulse propagation in porous materials, which h
to be handled in the time domain, are not readily addres
within the pseudo-harmonic framework of the Biot–St
theory.

Although some form of internal friction has been ide
tified experimentally as being responsible for the charac
istic attenuation exhibited by granular materials,2–5 the actual
mechanism has not yielded readily to theoretical analy
Various types of internal loss have been investigated w
limited success, including a nonlinear mechanism associ
with the motion of dislocations,28 and frictional dissipation
arising from the sliding of crack surfaces in contact w
each other.29 A symbolic manipulation approach to the pro
lem of the characteristic attenuation has been develope
Verweij,30 based on theoretical techniques developed
himself31 and de Hoop.32,33

I. A NEW THEORY OF SEDIMENTS ACOUSTICS

In this article, an internally consistent, unified theory
acoustic propagation in a saturated, unconsolidated, ma
sediment is developed. It is taken as axiomatic that an
consolidated sediment is a two-phase medium, consistin
mineral particles and seawater, but possessing no r
frame; that is to say, the elastic rigidity modulus of the m
dium is identically zero. Thus the material is treated a
bulk fluid in which sound propagation is governed by inte
nal losses arising at grain-to-grain contacts. Throughout
discussion, the word ‘‘friction’’ is used exclusively and sp
cifically to mean a new type of intergranular dissipatio
which has fundamentally different properties from more
miliar loss mechanisms such as viscosity or Coulomb f
tion.

The analysis is based on a linear wave equation in wh
intergranular dissipation is represented by a loss term
takes account of the hysteresis, or memory, of granular
dia. The effect of the memory on wave propagation is
commodated by setting the frictional stress equal to a t
poral convolution between the particle velocity and
material memory function,h(t). This formulation is identi-
cally that for a viscous fluid whenh(t) is set equal to a Dirac
delta function, corresponding to the special case of a med
with no memory. A marine sediment, however, does poss
a memory, the appropriate memory function being of
form h(t)}t2n, where 0,n,1. The properties of such
medium are quite different from those of say a viscous flu

Several interesting results emerge from the theory,
cluding an attenuation coefficient that is almost exactly p
portional to frequency over an unlimited number of decad
The model also predicts weak logarithmic dispersion wh
has exactly the form required by the Kronig–Kramers re
tionships, as well as faithfully matching that observed e
perimentally by Wingham.21 An important prediction of the
theory is that, with increasing frictional dissipation, the m
terial becomes stiffer and consequently the compressi
2581 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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wave speed increases. In the time domain, an expressio
derived for the Green’s function, representing transi
propagation, which is shown to be strictly causal~as of
course it must be!. As the intergranular friction is allowed to
go to zero, the Green’s function reduces in a natural way
the familiar retarded potential solution for the pulse shape
a lossless medium.

Viscosity of the pore fluid has often been suggested
being a significant loss mechanism in sediments.27 The ef-
fects of pore fluid viscosity are examined briefly by inclu
ing a conventional viscous dissipation term in the new wa
equation in addition to the intergranular friction term. A s
lution for the attenuation coefficient is obtained which de
ates at higher frequencies from thef 1 law due to intergranu-
lar friction alone; and the viscosity also introduces a grea
enhanced dispersion. Such behavior is not consistent
Wingham’s21 measurements of attenuation and dispersion
saturated sand, nor with the absence of dispersion in ma
sediments reported by Hamilton.18 This lack of experimental
support provides strong evidence that, compared with in
granular friction, pore-fluid viscosity is insignificant in satu
rated marine sediments.

It has been confirmed experimentally18 that the compres-
sional wave speed in an unconsolidated sediment corre
well with the mechanical parameters~particle size, density,
and porosity! of the medium, and that the porosity and de
sity themselves are each correlated with the particle size
establish theoretical relationships between porosity, den
and particle size, a new rough-particle, random-pack
model of mineral particles is introduced. From this model
mechanical structure of the sediment, the porosity and
density are expressed as algebraic functions of the par
size.

To provide the link between the acoustic and mechan
properties of a sediment, the intergranular friction is rela
to the particle size by a fractional power law, as suggested
the Hertz theory of elastic spheres in contact. The final re
is a set of equations which give all the acoustic and mech
cal properties of sediments as simple algebraic functions
the particle size. These theoretical expressions, rela
sound speed, attenuation, porosity, and density to the par
size, are valid for surficial sediments. It turns out that t
theoretical relationships predicted by the combined ge
coustic models show compelling agreement with extens
published data sets representing not only silts and all gra
of sand but also the very fine-grained clays.

Sands and silts conform to the geometry of the rou
sphere model, in that the grains resemble distorted sphe
Clay particles, however, are not spherical but show a plat
structure with a high aspect ratio, which raises the ques
as to why they should be so well described by the rou
sphere theory? It is argued that a mineral platelet in clay m
be thought of as a special~extreme! case of a rough sphere i
which the magnitude of the roughness is comparable to
greater than the size of the sphere itself. In this picture
platelet is essentially all roughness on a relatively sm
spherical body. Although this may be an unusual geometr
description of a clay particle, it appears to be accurate as
as packing arguments are concerned, and it brings the c
2581Michael J. Buckingham: Marine sediments
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within the unified geoacoustic theory of sediments develo
here.

II. A WAVE EQUATION WITH INTER-GRANULAR
FRICTION

To address the question of wave propagation in gran
materials, the medium is treated as fluidlike, macroscopic
homogeneous, isotropic, time invariant, and infinite.
source is assumed to excite compressional plane waves i
material and, since there are no boundaries, there is no
pling into shear waves. The propagation of the compr
sional waves is governed by a wave equation in which in
granular friction is represented by a very specific dissipat
term, whose formulation is crucial to the argument.

Since a form of internal friction is the loss mechanis
the dissipation term must originate in the equation
motion,34 which, for one-dimensional propagation in thex
direction, is postulated to be

r0

]v
]t

1
]p

]x
2S 4

3
h f1l f D ]2@h~ t ! ^ v~ t !#

]x2 50, ~1!

wherev is particle velocity in thex direction,p is the pres-
sure fluctuation,t is time, r0 is the bulk density, and the
symbol ^ denotes a temporal convolution operation. T
dissipation coefficientsh f and l f have been introduced b
analogy with the shear and bulk viscosities of a conventio
fluid, although in this case the subscriptf identifies these
coefficients as being associated with intergranular frict
rather than viscosity.

The proposed dissipation term in Eq.~1! possesses
something of the character of viscosity, in that the differe
tial operator in the loss term is]2/]x2, but the operand
instead of being particle velocity, is the convolution of pa
ticle velocity with an impulse response function of the m
terial, h(t). Clearly, whenh(t) is a Dirac delta function the
convolution reduces to the particle velocity, in which ca
the equation of motion is identically that for a viscous fluid12

or a Voigt solid.13 The more general form in Eq.~1! allows
for the possibility that the medium ‘‘remembers’’ previou
states, with a memory that is characterized byh(t). A gen-
eralized description of linear internal losses in terms of c
volution operations is fairly well-established in the geoph
ics literature.35

The remaining expressions necessary to derive the w
equation are standard in that they do not involve dissipa
terms. Conservation of mass requires that

r0

]v
]x

1
]r

]t
50, ~2!

and the equation of state is

p5c0
2r, ~3a!

where

c05A k

r0
. ~3b!

In these equations,r is the density fluctuation andk is the
bulk modulus of the medium. According to Eq.~3b!, c0 may
2582 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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be interpreted as the sound speed in the medium in the
sence of grain-to-grain losses. As it turns out,c0 is an im-
portant parameter in the theory of intergranular friction;
will be expressed later in terms of the bulk properties of
two materials, i.e., the mineral grains and seawater, con
tuting the sediment. We shall also see that one effect of
friction is to introduce some stiffness into the medium
which raises the actual wave speed abovec0 , to a degree that
depends on the level of the dissipation.

On introducing a velocity potential,c, defined by

v52
]c

]x
, ~4!

and combining the above equations, the following wa
equation is obtained:

]2c

]x22
1

c0
2

]2c

]t2 1
~ 4

3h f1l f !

r0c0
2

]3

]t ]x2 $h~ t ! ^ c~ t !%

52Sd~ t !d~x!. ~5!

A driving term representing a planar, impulsive source h
been included on the right, in whichS is the source strength
~with units of length! andd~•••! is the Dirac delta function.
Equation~5! is the cornerstone of the following analysis
wave propagation in a granular medium. The memory fu
tion h(t) in Eq. ~5! still remains to be specified, to which en
the following argument is developed.

It is proposed that, although assumed to possess no s
etal frame, implying zero elastic rigidity, an unconsolidat
sediment exhibits behavior resembling that of a visco-ela
solid as a result of the intergranular friction: Loads and d
formations are linearly related but the deformation depe
on the history of the loading process. In such a material,
response to an instantaneous stress is an instantaneous
followed by a strain which increases with time. Such beh
ior in a viscoelastic material is known as ‘‘creep.’’ The co
verse is ‘‘relaxation,’’ in which an instantaneous strain giv
rise to an instantaneous stress followed by a decreas
stress level with increasing time. Thus creep and relaxa
are two sides of the same coin, and in a saturated sedim
these phenomena originate in the dissipation occurring
grain-to-grain contacts.

In formulating the material response function, we use
a guide the process of relaxation. A typical relaxati
function35,36 is of the form (1/t) raised to some small power
and accordingly we set

h~ t !5u~ t !
t0
n21

tn , 0,n,1, ~6!

whereu(t), the unit step function, ensures that the respo
of the medium is causal. The scaling constantt0 in Eq. ~6!,
with units of time, is included explicitly to ensure thath(t)
has units of inverse time.@If h(t) were a delta function,
representing a viscous medium, it would also have units
~time!21.# Throughout the following analysist0 is included
explicitly in order to preserve the correct units everywhe
Equation~6! is the proposed memory function that chara
terizes the dissipation arising from intergranular contacts
2582Michael J. Buckingham: Marine sediments
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III. SOLUTION OF THE WAVE EQUATION

Equation~5! is a linear, inhomogeneous wave equati
that may be solved using standard techniques of Fou
analysis. First, on Fourier transforming both sides of
equation with respect to time, the convolution reduces t
product in the frequency domain, yielding

F11 j v
~ 4

3h f1l f !

r0c0
2 H~ j v!G ]2C~ j v!

]x2 1k0
2C~ j v!

52Sd~x!, ~7!

where j 5A21, v is angular frequency, wave numberk0

5v/c0 , and upper case lettersH and C are transforms of
their lower case counterparts.

A second Fourier transform, with respect to distancex,
reduces Eq.~7! to an algebraic equation:

H k0
22F11 j v

~ 4
3h f1l f !

r0c0
2 H~ j v!Gs2J Cs52S, ~8!

where the wave numbers is the transform variable, and th
subscripts denotes a transform with respect tox. From Eq.
~8!, the doubly transformed acoustic field may be written

Cs5
S

@q2s22k0
2#

, ~9!

where

q5F11 j v
~ 4

3h f1l f !

r0c0
2 H~ j v!G 1/2

. ~10!

The functionH( j v) is the temporal Fourier transform o
the material response function,h(t), in Eq. ~6!:

H~ j v!5E
2`

`

h~ t !exp2 j vt dt

5t0
n21E

0

`

t2n exp2 j vt dt

5
G~12n!

~ j vt0!12n , ~11!

whereG~•••! is the gamma function. The final expression
Eq. ~11! is valid for 0,n,1 but not forn identically equal
to zero. It is demonstrated later, in Sec. V on pulse propa
tion, that if n were ~incorrectly! put equal to zero, one con
sequence would be noncausal behavior in the form of ac
tic arrivals beforet50. There is no such difficulty provided
n, however small, is greater than zero.

With the result in Eq.~11!, the radical in Eq.~10! be-
comes

q5@11x f~ j vt0!n#1/2, ~12!

where the various constants have been amalgamated
one-dimensionless loss coefficient:

x f5
~ 4

3h f1l f !G~12n!

r0c0
2t0

. ~13!
2583 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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Equations~9! and~12! underpin the remainder of the discu
sion. Between them they offer the full solution to the prop
gation problem, provided the inversions back to the f
quency and time domains can be performed.

IV. ATTENUATION AND DISPERSION

From Eq.~9! the frequency-dependent velocity potent
is given by the inversion integral over wave numbers:

C~ j v!5
S

2pq2 E
2`

` S s22
k0

2

q2D 21

exp jsx ds. ~14!

The poles of the integrand,6k0 /q, lie on either side of the
real axis in the complexs plane, in the second and fourt
quadrants whenv.0 or the first and third quadrants ifv
,0. By integrating around aD in the upper and lower half-
planes, respectively, forx positive and negative, the integra
can be expressed explicitly:

C~ j v!52
jS

2k0q
exp2 j

k0uxu
q

, ~15a!

or, by substituting forq from Eq. ~12! and using k0

5v/c0 ,

C~ j v!5
c0S

2 j vA11x f~ j vt0!n
exp2 j

vuxu

c0A11x f~ j vt0!n
.

~15b!

According to Eqs.~15!, each frequency component in th
velocity potential field is an even function ofx, as symmetry
demands. Since the velocity potential is a real function
time, a further requirement is thatC( j v)5C* (2 j v),
where the asterisk denotes a complex conjugate. This co
tion is clearly satisfied by Eq.~15b!. Particular care is taken
below to treat negative and positive frequencies correctly

A standard way of representing the argument of the
ponential function in Eq.~15b! is in terms of a complex
wave number,k, which may be expressed in the form

k5
v

cp
~12 j b!, ~16!

where cp is the ~actual! phase speed of the compression
wave and the magnitude of the dimensionless loss tangenb,
is equal to 1/2Q. Thus the velocity potential can be writte
as

C5C0 exp2 j
v

cp
uxuexp2b

v

cp
uxu, ~17!

whereC0 is the amplitude of the wave as given in Eq.~15b!.
By comparison of Eqs.~15b! and~17!, the phase speed,cp ,
is given by

cp5c0 Re@11x f~ j vt0!n#1/2, ~18!

and the loss tangent is

b52
cp

c0
Im@11x f~ j vt0!n#21/2. ~19!

From Eq.~17! the attenuation coefficient, in nepers per u
length, is
2583Michael J. Buckingham: Marine sediments
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ap5
v

cp
b, ~20!

indicating that, ifb and cp were independent of frequency
then the attenuation would scale with the first power of f
quency. Notice that in the absence of intergranular fricti
when the coefficientx f is zero,q in Eq. ~12! is real, and the
attenuation coefficient vanishes. Another point to note is t
b takes the same sign asv, as shown below, and therefor
ap is always positive or zero, which is a necessary condit
if the waveform in Eq.~17! is not to diverge. Equations~18!
and ~19! are generally valid expressions for the phase sp
and attenuation in a medium with a memory of the fo
shown in Eq.~6!.

Considering now the special case whenn much less than
unity, the term (j vt0)n in the expressions forcp andb may
be approximated from the following argument. First,

@sgn~v! j #n5cos~np/2!1 j sgn~v!sin~np/2!

'11
jnp

2
sgn~v!, ~21!

where, through the signum function sgn~..!, explicit account
has been taken of the sign ofv; and, second,

~ uvut0!n5exp@n ln~ uvut0!#511n ln~ uvut0!1••• .
~22!

Hence, on expandingcp andb @Eqs.~18! and~19!# in Taylor
series to first order in the small parametern, we arrive at the
expressions

cp'c0A11x fF11
nx f

2~11x f !
ln~ uvut0!G

5c0A11x fF11
2bp

p
ln~ uvut0!G ~23!

and

b'bp sgn~v!, ~24a!

where the magnitude ofb is

bp5
npx f

4~11x f !
. ~24b!

The dispersive term in Eq.~23! is proportional to the
frequency-independent loss tangentbp , and is in complete
agreement with O’Donnellet al.20 and Horton,19 who ob-
tained an identical relationship between thecp andbp on the
basis of the Kronig–Kramers relationships without consid
ing a specific loss mechanism. Althoughbp shows consider-
able variation between sediments~see Fig. 11!, it usually
takes a value in the range 0.001–0.02. The associated
quency dependence exhibited by the phase speed is
weak, falling between 0.015% and 3% per decade. In m
circumstances this is entirely negligible, that is, the ph
speed is satisfactorily approximated by the constant valu

cp5c0A11x f . ~25!

However, as discussed later in Sec. VI, the dispersive term
the phase speed, although small, cannot be neglected w
pulse propagation is being considered.
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Equation~25! is an interesting result, which states th
the presence of intergranular friction raises the wave sp
above the valuec0 determined by the bulk modulus and bu
density of the medium@Eq. ~3b!#. In effect, the friction at the
intergrain contacts introduces some stiffness into the m
rial, as a result of which the sound speed is increased.
comparing Eq.~25! with the expression for the compres
sional wave speed in an elastic medium, it is evident that
dissipation coefficientx f plays the role of a rigidity modulus
It must be emphasized, however, that the rigidity expres
in Eq. ~25! is a purely frictional effect and is not associate
with elastic rigidity of the material, which has been taken
zero.

Since the loss tangentbp in Eq. ~24! and the phase
speedcp in Eq. ~25! are independent of frequency, it follow
that, to this level of approximation, the attenuation coe
cient, ap , in Eq. ~20! scales with the first power of fre
quency:

ap5
uvubp

cp
5

uvunpx f

4c0~11x f !
3/2. ~26!

According to this result, intergranular friction gives rise to
attenuation that scales as the first power of frequency,
the associated logarithmic dispersion is expressed by
~23!. These features of the field are consistent with the
served geoacoustic properties of many unconsolidated
rine sediments. Equation~26! in particular is a result we have
been seeking, that is to say, an expression for the attenua
coefficient that matches the characteristic attenuation ex
ited by saturated sediments. Two essential features of
theory give rise to this result: a dissipation term in the wa
equation that takes account of hysteresis in the med
through a temporal convolution between a material mem
function and the particle velocity@Eq. ~1!#; and a specific
form for the memory function that is characteristic of~dissi-
pative! relaxation in granular media@Eq. ~6!#.

To establish the precision of Eqs.~24!–~26!, consider
the term (vt0)n, which is where the dependence on fr
quency originates incp and b @Eqs. ~18! and ~19!#. For a
value ofn50.05, which is representative of many sedimen
the variation in (vt0)n is 12% per decade of frequency. Th
small frequency dependence translates into an even we
effect on the phase speed and the attenuation coefficien
illustrated in Fig. 1, where the exact expressions forcp and
ap in Eqs. ~18!–~20! are plotted over 12 decades of the d
mensionless frequency (vt0). For comparison, the approxi
mate expressions in Eqs.~25! and ~26! are included in the
figure. The values ofn50.05 andx f50.25 used in generat
ing these curves correspond to a medium-loss sediment~i.e.,
bp'0.008 or equivalently a bottom loss of 0.2 dB/m kHz!.
The exact curves are almost the same as the approxim
forms over the huge frequency range in Fig. 1, confirm
the validity of Eqs.~24!–~26! in predicting a loss tangent
bp , that is independent of frequency, an attenuation coe
cient,ap , that scales with the first power of frequency, and
phase speed that shows a very low level of dispersion.
2584Michael J. Buckingham: Marine sediments
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V. OBSERVATIONS OF DISPERSION

Wingham21 has reported a set of careful, laborato
measurements of compressional-wave dispersion and at
ation in gas-free, saturated medium sand. In his Fig. 4
presents five data sets showing the relative change of p
speed over a frequency range from 100 to 350 kHz.
though he does not state it explicitly, the dispersion he
served in each case is easily calculated by reading from
curves: 1.27%, 0.81%, 1.00%, 0.92%, and 1.08%, the m
of which is 1.02%, per decade of frequency.

The attenuation that Wingham measured in the mate
scales with the first power of frequency, showing a loss t
gentbp'0.0065~equivalent to 0.16 dB/m kHz!. When this
value ofbp is substituted into our Eq.~23!, the theoretically
predicted dispersion is found to be 0.95% per decade
close agreement with the mean value of 1.02% from Wi
ham’s measurements. Dispersion at such a low level is v
difficult to measure, especiallyin situ, which could account
for the fact that it was not observed by oth
investigators.17,18

VI. PULSE PROPAGATION AND CAUSALITY

It has recently been demonstrated37 that, in dealing with
transient propagation in dissipative media, it is crucial
treat all frequency components accurately. This is espec
true of the higher frequencies if the issue of causality is to
addressed, since it is they that govern the behavior of
pulse at short ranges and close to the origin in time.

The direct approach to obtaining the pulse shape in
unconsolidated sediment would be to perform a Fourier
quency inversion of the field expression in Eq.~17!. How-
ever, with the exact versions ofcp and b in Eqs. ~18! and
~19!, the Fourier integral is difficult to evaluate. On the oth
hand, if the high-precision approximations,cp andbp in Eqs.
~24! and ~25!, are used instead, the integral becomes tr
table but the resulting pulse is noncausal. This violation

FIG. 1. Normalized attenuation (ac0t0) and phase speed (c/c0) for a ma-
terial showing intergranular friction. The solid lines are from the exact
pressions in Eqs.~18!–~20! and the dashed lines are from the approxim
tions in Eqs.~25! and ~26!. The curves were computed withn50.05 and
x f50.25, corresponding tobp'0.008.
2585 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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causality arises directly from neglecting the tiny dispers
component in Eq.~25! in the Fourier inversion. The subtlet
of the characteristic attenuation is well illustrated by th
behavior.

To develop a satisfactory solution for the pulse sha
we return to the expression for the doubly transformed fi
in Eq. ~9!:

Cs52
Sc0

2

v22s2x f~ j vt0!n2s2c0
2 , ~27!

whereq has been expressed explicitly. The procedure now
to reverse the order of the Fourier inversions by perform
the integration over frequency first, to obtain the tim
dependent field associated with each wave number. The
version integral is

cs~ t !5
1

2p E
2`

`

Cs exp j vt dv

52
Sc0

2

2p E
2`

` exp j vt

v22s2x fc0
2~ j vt0!n2s2c0

2 dv. ~28!

To evaluate this integral, it is necessary to know the po
tions of the poles in the integrand, which are given by t
roots of the denominator. For the case of interest, in wh
0,n!1, these roots may be determined from a simple p
turbation analysis.

The equation to be solved is

v22s2x fc0
2~ j vt0!n2s2c0

250. ~29!

As a zero-order solution, letn be set identically equal to
zero, even though the Fourier transform in Eq.~11! is invalid
under this condition. Then Eq.~29! has two real roots,
6v0 , where

v05usuc0A11x f5usucp . ~30!

Since these poles lie on the real axis, it is evident that, w
n50, the inversion integral in Eq.~28! is noncausal in that it
predicts acoustic arrivals at timest less than zero. Such non
physical behavior is perhaps to be expected in view of
breakdown of Eq.~11! whenn50.

However, whenn is finite but small compared with
unity Eq. ~11! is valid and, as shown below, the difficult
with noncausal arrivals vanishes. Under this condition,
two roots of Eq.~29! are displaced slightly from6v0 on the
real axis to positionsv6 in the complexv plane. Taking just
the leading-order terms in their real and imaginary pa
these complex roots are

v656v01 jn
ps2c0

2x f

4v0
, ~31!

a result that is based on the approximations

~6 j !n516
jnp

2
and ~v0t0!n51, ~32!

which are valid for 0,n!1. It is clear from Eq.~31! that,
with n small but finite, both poles lie in the upper half of th
complex v plane, one in the first quadrant (v1) and the
other symmetrically placed in the second quadrant (v2).

-

2585Michael J. Buckingham: Marine sediments
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The inversion integral in Eq.~29! can now be expresse
in the form

cs~ t !52
Sc0

2

2p E
2`

` exp j vt

~v2v1!~v2v2!
dv, ~33!

and evaluated directly. For positive times the integrat
contour must be around the top half-plane, in order
achieve convergence, and for negative times it is around
bottom half-plane. According to Eq.~31! there are no poles
in the bottom half-plane, which immediately yields the res

cs~ t !52
jSc0

2

~v12v2!
@ej v1t2ej v2t#, t>0

50, t,0. ~34!

Thus every wave number component in the pulse, and he
the pulse itself, is causal. By recognizing that the poles
not lie precisely on the real axis, the difficulty with causal
has been removed.

On substituting for the polesv6 from Eq. ~31!, the ex-
pression in Eq.~34! becomes

cs~ t !5u~ t !Sc0
2 expS 2

nps2c0
2x f

4v0
t D sin v0t

v0
, ~35!

whereu(t) is the unit step function. The particle velocity
obtained directly from Eq.~35! by performing the remaining
Fourier inversion integral over wave number:

v~ t,x!52
]c

]x
52

1

2p E
2`

`

jscs~ t !exp jsx ds. ~36!

With the aid of the expression forv0 in Eq. ~30!, this inte-
gral can be written as

v~ t,x!5u~ t !
Sc0

2

pcp

3E
0

`

exp~2bpsct!sin~scpt !sin~sx!ds, ~37!

FIG. 2. Normalized velocity pulse,F, in a material showing intergranula
friction, for two values of the~frequency-independent! loss parameter,bp .
The curves were computed from Eq.~39!.
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where the loss tangentbp and the phase speedcp are given,
respectively, by the frequency-independent expression
Eqs. ~24! and ~25!. Notice that the velocity field is an odd
function ofx, in accordance with the symmetry of the pro
lem.

On recognizing that the integrand in Eq.~37! can be
expressed as the sum of four exponentials, the integra
can be performed directly to yield the shape of the veloc
pulse:

v~ t,x!5u~ t !
Sc0

2

2pcp
H bpcpt

bp
2cp

2t21~cpt2x!2

2
bpcpt

bp
2cp

2t21~cpt1x!2J
5u~ t !

Sc0
2

2pcpx
FS cpt

x D , ~38!

whereF is the dimensionless function

F~y!5
bpy

~bpy!21~y21!22
bpy

~bpy!21~y11!2 . ~39!

At t50 the velocity waveform and its first derivative wit
respect to time are both zero. The velocity pulse is a sha
peaked function, as illustrated in Fig. 2 for two values of t
loss tangentbp . With decreasingbp , the pulse grows taller
and narrower, until in the limit of zero dissipation (x f50) it
becomes a delta function. Formally, this limiting behav
may be derived with the aid of the identity

lim
a1→0

H a1

a1
21a2

2J 5pd~a2!, ~40!

from which it follows that

lim
bp→0

v~ t,x!5
Sc0

2
d~c0t2x!. ~41!

This is the correct retarded solution for propagation in a lo
less medium. Notice that the velocity pulse in the presenc
loss is not a retarded solution, since it varies withx and t
individually and not just as (cpt2x).

The pressure pulse in the granular medium is deriv
from the velocity pulse by turning to the equation of motio
@Eq. ~1!#, which includes the loss term representing inte
granular friction. Although it is possible to derive an expre
sion for the pressure from Eq.~1!, the presence of the los
term complicates the analysis significantly. Rather than p
sue lengthy algebra, the simple point is made that, since
velocity is causal, the pressure from Eq.~1! is also perfectly
well-behaved.

VII. PORE-FLUID VISCOSITY?

It has been suggested by several authors that, in add
to intergranular friction, saturated porous materials such
marine sediments may exhibit viscous losses associated
local and global motions of the pore fluid.5,27 The following
2586Michael J. Buckingham: Marine sediments
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analysis is presented as an exploratory investigation of
significance of viscosity vis-a`-vis intergranular friction in an
unconsolidated sediment.

To account for local and global viscous dissipation, t
linear equation of motion in Eq.~1!, representing saturate
sediments exhibiting only intergranular friction, must
modified by the addition of viscous loss terms. In fact, if t
effects of local and global losses on wave propagation
assumed to be indistinguishable, a single viscous term is
ficient, allowing the equation of motion for the saturated m
dium to be written as

r0

]v
]t

1
]p

]x
2S 4

3
h f1l f D ]2@h~ t ! ^ v~ t !#

]x2 2S 4

3
h1l D ]2v

]x2

50, ~42!

where the material response function,h(t), is as defined in
Eq. ~6! and h, l are the shear and bulk viscosities, resp
tively, of the pore fluid. It is implicit in Eq.~42! that the
viscosity is being regarded as a bulk property of the mate
in the same spirit as in the previous treatment of the in
granular friction.

Conservation of mass@Eq. ~2!# and the equation of stat
@Eq. ~3!# are unaffected by the dissipation and hence
wave equation is

]2c

]x22
1

c0
2

]2c

]t2 1
~ 4

3 h f1l f !

r0c0
2

]3@h~ t ! ^ c~ t !#

]t ]x2

1
~ 4

3 h1l!

r0c0
2

]3c

]t ]x2 52Sd~ t !d~x!, ~43!

wherec is the velocity potential@Eq. ~5!#. It is convenient to
amalgamate the two loss terms into one, as follows:

]2c

]x22
1

c0
2

]2c

]t2 1
~ 4

3h f1l f !

r0c0
2

]3@ h̃~ t ! ^ c~ t !#

]t]x2 52Sd~ t !d~x!,

~44!

where the modified material response function, identified
the tilde, is

h̃~ t !5bd~ t !1h~ t !, and b5
~ 4

3h1l!

~ 4
3h f1l f !

. ~45!

Clearly, when the relative loss coefficient,b, is zero, corre-
sponding to an absence of viscosity, the linear wave equa
in Eq. ~44! reduces to the form appropriate to materials e
hibiting only intergranular friction@Eq. ~5!#.

By analogy with Eq.~15a!, the solution of Eq.~44! for
the frequency dependence of the field may be written imm
diately as

C~ j v!52
jS

2k0q̃
exp2 j

k0uxu
q̃

, ~46!

where

q̃5F11 j v
~ 4

3h f1l f !

r0c0
2 H̃~ j v!G 1/2

5@11~ j vt0!j1x f~ j vt0!n#1/2; 0,n!1. ~47!
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In these expressions, the temporal Fourier transform ofh̃(t)
is

H̃~ j v!5b1
G~12n!

~ j vt0!12n , ~48!

the coefficientj representing viscous losses is

j5
~ 4

3h f1l f !b

r0c0
2t0

5
b

G~12n!
x f , ~49!

andx f , the coefficient for intergranular friction, is as define
in Eq. ~13!. The phase speed of the wave is

c̃p5c0 Re~ q̃!5c0 Re@11~ j vt0!j1x f~ j vt0!n#1/2 ~50!

and the attenuation coefficient is

ãp5
v

c̃p
b̃, ~51!

where

b̃52
c̃p

c0
ImS 1

q̃D
52

c̃p

c0
Im@11~ j vt0!j1x f~ j vt0!n#21/2 ~52!

is the loss tangent.
Figure 3 shows the phase speed and the attenuation

efficient from Eqs.~50! to ~52! as a function of the dimen
sionless frequencyvt0 . At the lower frequencies, where in
tergranular friction is the dominant loss mechanism,
attenuation varies linearly with the first power of frequenc
However, at intermediate and high frequencies viscos
dominates and the attenuation scales withf 2 and f 1/2, respec-
tively, as in a viscous fluid. The transition frequency, whe
the predominant form of loss switches from intergranu
friction to viscosity of the pore fluid, depends on the mag

FIG. 3. Normalized attenuation (ac0t0) and phase speed (c/c0). The solid
lines, computed from Eqs.~50! to ~52! with x f50.25, j51025, and n
50.05, corresponding tobp'0.008 andb'431025, represent a materia
showing both intergranular friction and viscosity. For reference the das
lines, from Fig. 1, show the effects of intergranular friction alone.
2587Michael J. Buckingham: Marine sediments
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tude of the relative loss parameterb, defined in Eq.~45!. In
addition to modifying the attenuation, the presence of visc
ity introduces relatively high dispersion, which varies wi
frequency asf 1/2 in the higher-frequency, viscous regime.

With the parameters used to generate Fig. 3~n50.05,
x f50.25, andj51025!, the effects of viscosity are appare
in the attenuation when the dimensionless frequencyvt0 is
greater than several hundred and in the phase speed
vt0.105. If j were increased, representing higher viscos
the effects of viscous losses on the attenuation and p
speed would cut in at lower frequencies. A smaller value
j, corresponding to lower viscosity, would shift the transiti
frequency upward. It is interesting that at high frequenc
(vt0.109 in Fig. 3! the attenuation due to the combine
effect of intergranular friction and viscosity is actually le
than that due to friction alone. At these frequencies the
cosity does not have an additive effect on the attenuation
acts as though intergranular friction were absent, e
though the two types of dissipation are represented by a
tive terms in the wave equation. Even if it existed in re
materials, however, this reduced high-frequency attenuat
falling below thef 1 curve for intergranular friction, may no
be observable because of the onset of other loss mechan
notably scattering.38

In fact, in real saturated marine sediments the ques
of whether pore-fluid viscosity has any detectable effect
the attenuation is not entirely resolved. If it were significa
then, according to Eq.~50!, it should also introduce an ap
preciable level of dispersion, that is, a level much high
than that due to intergranular friction alone~Fig. 3!. How-
ever, the experiments of Wingham,21 in which he measured
the attenuation and dispersion in saturated medium san
to a frequency of 350 kHz, are entirely consistent with t
presence of intergranular friction, but show no evidence
effects due to pore fluid viscosity. As discussed in Sec.
Wingham found an attenuation that scaled with the fi
power of frequency, and weak logarithmic dispersion ch
acteristic of intergranular friction, not the relatively stron
dispersion, varying asf 1/2, that would be indicative of vis-
cosity.

The absence of dispersion reported by Hamilton18 also
militates against pore-fluid viscosity as a significant lo
mechanism in saturated marine sediments. Moreover,
discussion of attenuation in sandstone saturated with wa
White13 concludes that losses due to fluid viscosity are
tirely negligible. On the other hand, in very early measu
ments on earth materials, Born39 found that the attenuation in
bars of dry shale, limestone, and sandstone was proporti
to the first power of frequency, but when small quantities
water were added the power law changed tof m, where the
exponentm lay between 1 and 2, which may have been d
to viscous dissipation. As far as unconsolidated marine s
ments are concerned, however, the weight of evidence po
to the conclusion that pore-fluid viscosity is negligible a
that the dissipation is governed by intergranular friction. A
cordingly, viscous losses are excluded from the remainde
the discussion.
2588 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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VIII. WOOD’S EQUATION FOR c 0

A sediment is a two-phase medium consisting of loo
mineral grains and seawater. In the absence of dissipatio
the grain-to-grain contacts, the wave speed in such a med
would be given by Wood’s equation40 in terms of weighted
means of the bulk moduli and densities of the two const
ents of the material. In other words, Wood’s equation can
used to express the sound speedc0 as a function of known
mechanical properties of the mineral grains and the seaw

As given in Eq.~3b!, the sound speed in the absence
friction between mineral grains depends on the bulk mo
lus, k, and bulk density,r0 , of the sediment:

c05A k

r0
. ~53!

Now, the densityr0 is the weighted mean

r05Nrw1~12N!rg , ~54!

whereN is the porosity of the medium and the densities
seawater and mineral grains are, respectively,rw

51024 kg/m3 and rg52700 kg/m3. Similarly the bulk
modulus of the sediment is given by the mean

1

k
5N

1

kw
1~12N!

1

kg
, ~55!

where kw52.253109 Pa is the bulk modulus of the por
water. A reasonable value for the bulk modulus of the m
eral grains iskg51.4731010 Pa, which is the geometric
mean of values reported by Stoll27 (3.631010 Pa) and
Chotiros41,42(63109 Pa). By combining Eqs.~53!–~55!, the
expression forc0 becomes

c05A kwkg

@Nrw1~12N!rg#@Nkg1~12N!kw#
, ~56!

which is Wood’s equation for the sound speed in the se
ment in the absence of intergranular friction.

Equation~56! is a useful result in that it links an impor
tant wave parameter,c0 , with a measurable mechanica
property of the sediment, the porosityN. In passing, it is
emphasized that Wood’s equation is not appropriate for
timating the actual wave speed,cp , in a sediment, since i
takes no account of intergranular friction in the material.
fact, Hamilton43,44compared Wood’s equation with measur
ments of wave speed versus porosity and found little co
spondence between the data and the theoretical expres
An extension of Wood’s theory was developed
Gassmann,13,45,46who included a frame bulk modulus in hi
argument. Although Gassmann’s approach may be rele
to rigid, porous media such as rocks, which possess a s
etal elastic frame, it is difficult to see how it could apply
unconsolidated marine sediments.

IX. RANDOM-PACKING, ROUGH-PARTICLE MODEL
OF SEDIMENTS

Hamilton18,47 has measured correlations between wa
properties ~sound speed and attenuation! and mechanical
properties~density, porosity, and grain size! of surficial ma-
rine sediments. To establish the corresponding theoretica
2588Michael J. Buckingham: Marine sediments
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lationships, it is necessary to identify connecting links b
tween the following: ~1! density and porosity; ~2!
intergranular friction and grain size; and~3! porosity and
grain size. The first of these pairings is already known an
given by Eq.~54!, while the second derives from a simp
model of elastic bodies in contact, as discussed below in
XI. The remaining link, between porosity and grain siz
which also couples density to grain size through Eq.~54!, is
now developed on the basis of a random-packing mode
the sediment.

Particle roughness plays a central role in the argum
since it is an important factor in determining the porosity a
the density of all sediments. To model the porosity, the m
eral particles constituting the sediment are treated as ro
spheres of uniform size, as illustrated purely schematicall
Fig. 4. Measured from the centroid,r m is the radius of a
smooth sphere of volume equal to that of the particle its
The inner radius,r b,r m , provides a measure of the bod
size of the particle, and corresponds approximately to
radius of the sphere that would remain after polishing off
rough surface. The outer radius,r c.r m , represents the con
tact radius, that is, on average 2r c is the closest possible
approach between the centers of two adjacent sedim
grains. According to this description, the roughness preve
the mean surfaces of the particles from making cont
keeping them separated by a finite distance, which, on a
age, is equal to 2(r c2r m).

For a sediment in which each grain is in close cont
with the surrounding grains, the porosity is the volume fra

FIG. 4. Schematic of a rough sediment particle. The body radius,r b , is a
measure of the particle size in the absence of the rough surface. The co
radius,r c , is the effective size of the particle, controlling the packing de
sity in the sediment; and the mean radius,r m , is intermediate betweenr c

and r b . The mean grain diameter of a sediment is identified asug52r b .
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tion of sea water in the medium, which can be expressed

N512P, ~57!

whereP is the average volume of contiguous grains per u
volume. In the absence of surface roughness, that is, if
grains were smooth spheres,P would be the packing factor
whose value depends on the packing arrangement.
spheres of uniform size, the packing factor isP5p/6
50.52 for simple-cubic symmetry,P50.68 for a body-
centered cubic arrangement, orP50.74 for both face-
centered cubic and hexagonal close-packed structures.48

However, for a random packing of smooth spher
which is more appropriate to sediment particles than any
the regular packing structures, the packing factor has b
observed experimentally49 to be 15% less than the maximum
possible value of 0.74 achieved with either of the two clo
packed arrangements. Thus a random packing of smo
spheres is described byP50.63, which is the value adopte
for the packing factor of sediment particles in the followin
discussions. Note that the porosity of a sediment consis
of smooth spherical particles of uniform size would be ind
pendent of the sphere radius regardless of the packing
rangement, but in practice such behavior is not observ
The porosity of sediments depends quite strongly on part
size.18,47

When the roughness of the spheres is taken into acc
~Fig. 4!, a simple geometrical argument shows that the
pression in Eq.~57! for the porosity must be modified a
follows:

N512P
r m

3

r c
3512PH ug12D

ug14DJ 3

, ~58!

where P50.63 is still the packing factor for a random a
rangement of smooth spheres of uniform size, andug52r b is
the body diameter, which is identified with reported me
surements of particle size. In formulating Eq.~58!, the ex-
cursions of the roughness about the mean radius,r m , have
been treated as symmetrical~i.e., the skewness of the distr
bution is zero!. Thus the roughness is characterized by
single statistical parameter,D5(r c2r m)5(r m2r b), which
is identified as the rms roughness height relative to the me

If D scaled with the body diameter,ug , then the porosity
according to Eq.~58! would still be independent of particle
size, which is not a characteristic of real sediments.
shown in Fig. 5, Eq.~58! matches reported porosity versu
grain size data18,47,50whenD is taken to be a constant~inde-
pendent of particle size,ug! with a valueD53 mm. It can be
seen in Fig. 5 that the measurements of sediment poro
decrease with increasing grain size.18,47,50The finest-grained
materials~clays! show the highest porosity, in the region o
N'0.9, with the coarse sands exhibiting the lowest value
N'0.37. These extreme values of porosity, as observe
actual sediments, correspond to two distinct physical sit
tions. They emerge naturally from Eq.~58!, and interestingly
enough neither depends on the magnitude of the rms rou
ness,D.

In the limit of large particle size (ug→`), the minimum
porosity from Eq.~58! is given by

tact
-
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Nmin512P50.37, ~59!

which, physically, corresponds to a random packing
smooth spheres, representative of coarse sand grains w
rms roughness is negligible relative to the body size. At
other extreme of small particle size (ug→0), the maximum
porosity obtained from Eq.~58! is

Nmax512
P

8
50.92, ~60!

which is characteristic of clay particles that are, in effect,
roughness with zero body size. Between the outer and in
size scales represented by Eqs.~59! and ~60!, respectively,
the shape of the porosity versus grain-size curve does
course, depend on the magnitude of the roughness,D. It can
be seen in Fig. 5 that, with the rms roughness set toD
53 mm, as cited above, Eq.~58! provides a very good matc
to the data in the figure over three decades of grain size.
is an important observation, in view of the fact that t
rough, random-packing model is such a simple, o
parameter treatment of sediments. Naturally, it would be
sirable to corroborate the size-independent roughness
pothesis, as well as the rms roughness scale, but
independent check is difficult because very few direct m
surements of particle roughness have been reported in
literature.

Figures 6 and 7, respectively, show the density ver
porosity from Eq.~54! and the density against grain diamet
from Eqs.~54! and~58!. Included in the figures are measur
ments of porosity, density, and grain size made
Hamilton,18,47 and Richardson and Briggs50 on a large num-
ber of surficial sedimentary materials ranging from coa
sand to clay. As with the porosity versus grain size~Fig. 5!,
the rough-particle, random-packing model of sediments p
vides a sensible description of the relationship between d

FIG. 5. The porosity as a function of grain diameter. The solid line is fr
Eq. ~58! with D53 mm and P50.63; and the dashed lines represent t
extreme cases in Eqs.~59! and ~60!. The symbols are data for saturate
marine sediments from:~s!, Hamilton ~Refs. 18, 47!; ~* !, Richardson and
Briggs ~Ref. 50!. The key to the sediment type is: cs5coarse sand;
ms5medium sand; fs5fine sand; vfs5very fine sand.
2590 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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sity and grain size over a range of particle diameters sp
ning about three decades~clays to coarse sand!. Note that the
model is based purely on geometry, suggesting that, in s
cial sediments, electrostatic and physico-chemical inter
tions between particles are of little importance in determ
ing the porosity and density of the medium.

If it were not for the fact that it works so well, the
unified treatment of sediments embodied in the rough-sph
model may appear to be unduly ambitious. Conventiona
clays, in which the mineral particles are elongated platele18

with a very high aspect ratio, are considered to be fundam
tally different in structure from the silts and sands, who
grains conform much more closely to the spherical mod
Thus although it is reasonable that the rough-sphere m
should be representative of the porosity and density of sa
and silts, there is a question as to why should it also
applicable to clays?

FIG. 6. Plot of density against porosity. The symbols represent data f
Hamilton ~Refs. 18, 47! and the solid line is the expression in Eq.~54!.

FIG. 7. Sediment density as a function of mean grain diameter. The cu
line is from Eqs.~54! and~58!, and the symbols represent data from Ham
ton ~Refs. 18, 47!. The key to the sediment type is: cs5coarse sand;
ms5medium sand; fs5fine sand; vfs5very fine sand.
2590Michael J. Buckingham: Marine sediments



re
l-
le
f

s
et
a
y
th
in

ts
b

os
b

is
th
, i

th
th
t
s

th

ev
ge
e

nt
ug
m
a
.

io
e
e

m
tic

o
d

q.
es
lle
th
or

ro

in
ns

d

r
in-

vi-

w
ry,

ilts
ar-
sig-
ap-
ty
as

our
he
size

di-
the

ha-
the
ture
n-

n as
ing

s

on-

a
ar
e

ose
In defence of the unified treatment of sediments rep
sented by Eq.~58!, the issue of clays is interpreted as fo
lows. It is argued that the geometry of the mineral partic
in clay is, in fact, not fundamentally different from that o
sand or silt grains. A clay platelet may be thought of a
special, if rather extreme, case of the spherical geom
shown in Fig. 4, in which the body size is much smaller th
the rms roughness,D. Under this condition, the inherentl
spherical shape of the particle vanishes, leaving only
roughness, which, if it were to conform to the diagram
Fig. 4, would be statistically isotropic~i.e., the rms rough-
ness would be the same in all radial directions!. But a clay
platelet is clearly not isotropic. However, if the platele
were randomly orientated in the medium, as they proba
are in surficial sediments, given the nature of the dep
tional process, the effect on the packing structure would
essentially the same as if the individual particles had an
tropic roughness. This would account for the fact that
porosity of surficial clays, like that of the sands and silts
well represented by the rough-sphere model.

To depths of half a meter or more in the sediment,
porosity of sands and silts is more or less constant, but
of clays tends to decrease by perhaps 10% relative to
surficial value.51 Such a reduction in porosity of the clay
would appear to be at odds with the rough-sphere model@Eq.
~58!#, since the clay particles half a meter or so beneath
surface are presumably the same size as those at
seawater–sediment interface. The deeper particles, how
may have settled into an arrangement which is no lon
isotropic but shows a degree of particle alignment. Ev
mild polarization would reduce the average center-to-ce
distance and thus decrease the porosity. Although the ro
sphere model in Fig. 4 could be adapted to account for so
anisotropy in the packing structure of the deeper clay p
ticles, this is beyond the scope of the present discussion

X. POROSITY AND A BI-MODAL GRAIN SIZE
DISTRIBUTION

The rough-sphere model as it appears in Eq.~58! is rep-
resentative of sediments in which the grain-size distribut
is unimodal, that is, the particles are fairly uniform in siz
As illustrated in Fig. 5, many marine sediments are inde
characterized by a single grain size, but not all. In so
sediments, especially the finer silts and the clays, the par
size distribution is bimodal~or perhaps multimodal!, the ef-
fect of which is to lower the porosity and raise the density
the medium relative to the values that would be observe
the presence of the larger particles alone.51 For such a sedi-
ment, Eq.~58! may be expected to fail.

However, a minor modification to the formulation in E
~58! allows for the effect of an admixture of smaller particl
on the porosity of the medium. Assuming that the sma
particles simply in-fill the pore spaces formed between
larger grains, that is, they displace their own volume of p
water but have no effect on the random-packing structure
the larger particle species, then the expression for the po
ity becomes
2591 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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N512PH ug12D

ug14DJ 3

~11g!, ~61!

whereg is the volume ratio of the smaller to the larger gra
species andug is now the mean diameter of the larger grai
in the sediment. The remaining symbols in Eq.~61! take the
same values as in Eq.~58!. To obtain the density of the
bimodal sediment, Eq.~61! is substituted into the weighte
mean in Eq.~54!. Clearly, wheng50, corresponding to a
unimodal particle size distribution, Eq.~61! reduces identi-
cally to Eq.~58!.

Occasionally, a value forg is reported, along with othe
geoacoustic data, for sediments with a known bimodal gra
size distribution. For example,g may be cited indirectly as a
percentage of clay in a predominantly silty material. Ob
ously, g will never be large enough to makeN negative,
although in high porosity materialsg may be greater than
unity. All the sands exhibit a porosity that is relatively lo
(N<0.6), and in these materials the effect of a seconda
in-filling particle species is usually negligible, that is,g50.
This, however, is definitely not the case in some of the s
and the clays, where in-filling of pore space by smaller p
ticles may reduce the porosity and increase the density
nificantly. For such sediments, it is important to use an
propriate value ofg when estimating the porosity and densi
of the medium, especially if the model were being used
the basis of a geoacoustic inversion. Having said this,
attention will be focused throughout the remainder of t
present discussion on sediments with a unimodal grain-
distribution, for whichg is zero and Eq.~58! holds.

XI. INTERGRANULAR FRICTION AND PARTICLE SIZE

To complete the description of unconsolidated se
ments, a relationship must be established which couples
wave properties~sound speed and attenuation! to the me-
chanical parameters~porosity, density, and grain size!. Tak-
ing intergranular friction as being the fundamental mec
nism underlying wave behavior, and grain size as
independent variable characterizing the mechanical struc
of the sediment, the following fractional power-law relatio
ship is proposed:

x f5
mc

r0c0
25S ug

u0
D 1/3 m0

r0c0
2 , ~62!

whereug is the mean grain diameter~mm! and, as in the phi
units of grain size, the reference grain diameter is chose
u051000mm, corresponding to coarse sand. By substitut
the first of the expressions in Eq.~62! into Eq.~25!, it is clear
that the coefficientmc is analogous to the rigidity modulu
~one of the Lame´ parameters! in elasticity theory, but only so
far as determining the compressional wave speed is c
cerned. Thusmc is the compressional, frictional-rigidity
modulus of the sediment.~As discussed in a later paper,
different frictional-rigidity modulus determines the she
wave speed.! According to Eq.~62!, mc scales as the cub
root of the grain size, the scaling factor beingm052
3109 Pa, which is a material-independent constant wh
2591Michael J. Buckingham: Marine sediments
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value has been established on the basis of a best fit to w
speed versus grain size data~Fig. 8!.

It may appear that two unknown parameters have b
introduced in Eq.~62!, m0 andu0 , but it should be clear tha
they are not independent and that in effect there is only o
namelym0 /(u0)1/3523108 Pa/~mm!1/3. The formulation in
Eq. ~62! avoids the use of a scaling constant with the rat
awkward units of pressure/~length!1/3.

The expression in Eq.~62! should be valid even for a
sediment with a bimodal particle distribution, provided th
the smaller particle species merely in-fills the pores form
by the larger particles but plays no part in intergranular d
sipation. In such a case,ug would be the mean diameter o
the larger grains.

Equation~62! is suggested by the Hertz theory of defo
mation of spherical, elastic bodies in contact.52 When the
spheres are pressed together under a forceF, a circular area
of contact forms with a radius,a, that is proportional to the
sphere radius raised to the power of one third:

a5A3 3

4

F~12s2!

E
R, ~63!

whereR is the radius of the spheres, which are taken to be
equal size, and (E,s) are, respectively, Young’s modulu
and Poisson’s ratio for the elastic material constituting
spheres. The maximum tensile stress acts radially around
circumference of the circle of contact. Taking the tw
spheres as being adjacent mineral grains in contact, Eq.~62!
states that the coefficient of intergranular friction,x f , is pro-
portional to the length of the line of highest tensile stress
distance equal to 2pa, which scales as the cube root of th
grain size.

It is implicit in the Hertz theory that the two spheric
particles are smooth bodies in contact, whereas in Sec.
the mineral grains have been treated as rough particles in
discussion of porosity. These two pictures of the mine
grains may be reconciled by imagining that, in the immedi
vicinity of the points of contact, the geometry of the rou
particles is locally spherical, suggesting that the cube-r
scaling from the Hertz theory in Eq.~62! might be expected
to apply. However, the magnitude of the interaction, as m
sured by the coefficientm0 in Eq. ~62!, is determined, not by
the body radius of the particles, but from the rms roughne
that is, the average local radius of curvature at the poin
contact, which is independent of grain size. Since a value
m0 does not emerge naturally from any available theory
particle-to-particle interaction, it can be determined on
from a match to data, which is how the value cited abo
was obtained.

If Eq. ~62! for x f as a function of grain size is accepte
as a working hypothesis, the sound speed@Eq. ~25!# and
attenuation@Eq. ~24b!# in the sediment take the forms

cp5Ac0
21S ug

u0
D 1/3 m0

r0
~64!

and
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4

ug
1/3

ug
1/31w

, ~65!

where

w5
u0

1/3r0c0
2

m0
. ~66!

These expressions give the wave properties in terms of
grain size, which itself is related to the density,r0 , and the
porosity,N, through Eqs.~54! and ~58!. @It should be borne
in mind thatc0 is also a function ofug , as given by Eqs.~56!
and~58!.# Thus all the parameters of the sediment have b
expressed in terms of the grain size, through the simple
gebraic expressions developed above.

XII. WAVE SPEED VERSUS MECHANICAL
PROPERTIES

Figure 8 shows the wave speed,cp , plotted as a function
of the mean grain size, as evaluated from Eq.~64!. The data
represented by the symbols in this figure, and also in Fig
and 10, are from tables of measured parameter values
lished by Hamilton,18,47 Richardson,53 and Richardson and
Briggs.54 The value for the scaling coefficient,m052
3109 Pa, cited above in connection with Eq.~62! was ob-
tained by matching the curve to the data in Fig. 8. Otherw
there are no adjustable parameters available to facilitate
fit. Although there is some spread in the data, it is clear t
the theory faithfully follows the trend of the measurements
Fig. 8 over a range of particle sizes spanning at least th
decades, representing clays, silts, and all grades of sand
comparison withcp , the dashed line in Fig. 8 shows th
sound speed,c0 , in the absence of friction, as evaluated fro
Eqs.~56! and ~58!.

FIG. 8. Wave speed versus mean grain diameter,ug . The symbols represen
data published by Hamilton~Refs. 18, 47! ~s!, Richardson~Ref. 53! ~%!,
and Richardson and Briggs~Ref. 54! (x) and the key to the sediment type is
cs5coarse sand; ms5medium sand; fs5fine sand; vfs5very fine sand. The
solid line is cp from Eq. ~64!, with c0 and r0 evaluated from Eqs.
~54!, ~56!, and~58!. For comparison, the dashed line showsc0 .
2592Michael J. Buckingham: Marine sediments
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The sound speed versus porosity is shown in Fig.
where the solid line represents Eq.~64! in conjunction with
Eqs. ~54!, ~56!, and ~58!. Again, the theory of intergranula
friction can be seen to provide a very reasonable descrip
of the data. For comparison, Wood’s equation forc0 @Eq.
~56!# is included as the broken line in the figure. The on
point of intersection of the two theoretical curves cor
sponds to the ultimate in fine-grained materials, that is
say, a~fictitious! sediment in which the particle~body! size
approaches zero and intergranular friction is essentially
sent. Elsewhere in the plot the two curves diverge fairly d
matically, but only Eq.~64! for cp matches the data, thu
illustrating the importance of intergranular friction in dete
mining the sound speed in the sediment.

The predicted relationship between sound speed
density is compared with published data in Fig. 10. It can
seen that the solid line, representing Eq.~64! in conjunction

FIG. 9. Wave speed as a function of porosity. The solid line is a plot of
~64! in conjunction with Eqs.~54!, ~56!, and~58!, and the symbols represen
published data, as identified in the legend to Fig. 8. The dashed lin
Wood’s equation forc0 in Eq. ~56!.

FIG. 10. Sound speed as a function of density. The curved line is a plo
Eq. ~64! in conjunction with Eqs.~54!, ~56!, and ~58!, and the symbols
represent data published by Hamilton~Refs. 18, 47! ~s!, and Richardson
and Briggs~Ref. 54! (x).
2593 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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with Eqs. ~54!, ~56!, and~58!, passes through the measur
points very nicely. In fact, it is evident from Figs. 8–10 th
all the observed correlations between wave speed and
mechanical properties of many sediments are described
sonably by the equations developed in the previous secti
This is interesting for several reasons, not the least be
that, withm0 andD fixed, there are no adjustable paramete
in the theory to help match the individual curves to the da

It is perhaps worth commenting on the spread in the d
around the theoretical predictions in Figs. 8–10. The va
ability in the measurements may be partly due to experim
tal error, but other factors may also be at work. For instan
in some sediments the bulk modulus,kg , and the density,
rg , of the mineral particles could be different from the va
ues used in evaluating the theory; and some of the d
points in the figures may represent sediments with a bimo
particle size distribution~i.e., gÞ0). Factors such as thes
could be responsible for the multivalued behavior exhibi
by the data in Figs. 8–10. If, for a specific sediment, info
mation is available on the properties of the mineral partic
or on the size distribution, it should be used as appropriat
evaluate the theoretical expressions presented above.

XIII. ATTENUATION AND THE MATERIAL MEMORY
INDEX, n

An important parameter characterizing a sediment is
positive exponent,n, in the memory function@Eq. ~6!#. The
smaller the value ofn, the longer the memory of the mate
rial, andvice versa. Now, the frequency-independent comp
nent of the wave speed,cp , in Eq. ~64! and the mechanica
properties of the sediment are independent ofn, and thus the
correlations shown in Figs. 8–10 are unaffected by the va
of n. Only the magnitude of the attenuation,bp , as given by
Eq. ~24b!, depends onn, a fact which is important in inter-
preting the highly variable and complicated nature of t
level of attenuation observed in nominally similar mari
sediments. Some of the mysteries surrounding attenuatio
marine sediments are discussed at length by Hamilton.18

Incidentally, in a number of his papers, Hamilton e
presses the attenuation coefficient in the form

aH5kHf m, ~67!

whereaH is in dB/m, f is frequency in kHz,m is the expo-
nent of frequency, taken here to be unity, andkH is a con-
stant for a given material. In reporting levels of attenuati
in sediments, it has become fairly common practice to c
values ofkHin dB/~m kHz!, the implicit assumption being
that the attenuation scales as the first power of frequency
comparing Eqs.~26! and~67!, it can be seen thatkH depends
on the wave speed,cp , which is usually reported with the
attenuation. The conversion relationship between the dim
sionless loss tangent,bp , in Eq. ~26! andkH is

bp51.83.1025cpkH . ~68!

The variability of the attenuation in sediments is illu
trated in Fig. 11, which shows measurements of the l
tangent,bp , as a function of the mean grain size, as repor
by Hamilton,18 Richardson,53 and Richardson and Briggs.54

The attenuation data are much more scattered than the w
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speed measurements in Figs. 8–10. According to Eq.~24b!,
the large variability inbp could originate either with the los
parameterx f or with the memory indexn. Now, the coeffi-
cientx f is also important in determining the wave speed@Eq.
~25!#; but, as Figs. 8–10 illustrate, the wave speed sho
relatively little scatter, following reasonably well-define
trends. This stable behavior suggests thatx f is itself fairly
well-behaved and is not responsible for the variability inbp .
Further support for this conclusion is evident in Fig. 1
which showsx f as computed from published measureme
of sound speed, porosity, density, and grain size,18,54 using
an inverted form of Eq.~25!:

FIG. 11. Plot of loss tangent,bp , against grain size,ug . The symbols
represent data published by Hamilton~Ref. 18! ~s!, Richardson~Ref. 53!
~%!, and Richardson and Briggs~Ref. 54! (x). The key to the sediment type
is: cs5coarse sand; ms5medium sand; fs5fine sand; vfs5very fine sand.

FIG. 12. Plot of the attenuation coefficient,x f , versus grain size. The solid
line is the theoretical curve from Eq.~62! and the symbols represent exper
mental values derived from data published by Hamilton~Ref. 18! ~s!, and
Richardson and Briggs~Ref. 54! (x). The key to the sediment type is
cs5coarse sand; ms5medium sand; fs5fine sand; vfs5very fine sand.
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s

,
s

x f5
cp

22c0
2

c0
2 . ~69!

To generate the points in the figure from this expressionc0

was computed from Wood’s equation using measured va
of density and porosity. The solid line in the figure is th
theoretical expression forx f in Eq. ~62!. It can be seen tha
the values ofx f derived from data show some scatter abo
the theoretical curve but not sufficient to account for t
observed variability in the attenuation.

If x f is not responsible for the scatter in the attenuat
data, the culprit must be the memory indexn ~assuming that
the variability is genuine and not an artifact arising from
say, scattering or experimental error!. This is confirmed by
estimatingn from attenuation measurements,18,54 taken in
conjunction with the values ofx f shown in Fig. 12, using an
inverted form of Eq.~24b!:

n5
4bp

p

~11x f !

x f
. ~70!

Figure 13 shows the resultant values ofn as a function of the
grain size. It is evident thatn varies wildly, even for sedi-
ments with similar grain size. For example, the values on
for the 8 nominally identical fine-slit sediments, with mea
grain size around 5–6mm, range from 0.03 to 0.24, that is,
factor of 8 between the highest and lowest values ofn in
these otherwise similar materials.~For these particular mate
rials, the reported values of the porosity and bulk density
N'0.8 andr0'1330 kg/m3, respectively.! The mean value
of all the points in the Fig. 13 isn̄50.1, and the standard
deviation about the mean issn50.06, which is comparable
with the mean, indicative of the high level of scatter.

The widely spread distribution of data points in Fig. 1
following no obvious trend, identifies the principal cause
scatter in the attenuation measurements~Fig. 11! as the ex-
ponent,n, of the memory function in Eq.~6!. Why shouldn

FIG. 13. The memory indexn as a function of the grain diameter. Th
symbols, representing experimental values derived from published data
as identified in the legend to Fig. 12, and the key to the sediment typ
cs5coarse sand; ms5medium sand; fs5fine sand; vfs5very fine sand.
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show such variability, particularly for macroscopically sim
lar sediments? A plausible reason could be that the lengt
the memory is very sensitive to the nature of the bond
between mineral grains. This could be affected by the co
pactness of the sediment, overburden pressure, sharpne
the grains, and perhaps other factors. The actual interpar
forces involved depend on the microstructure and phys
chemical nature of the sediment grains, as discussed
Hamilton,18 but such issues are beyond the scope of
present discussion.

The question of whether the magnitude of the atten
tion in marine sediments,bp , can be predicted, given mac
roscopic, mechanical information such as particle size or
rosity, is important in connection with applications
geophysics and underwater acoustics. On the basis of
spread of the data in Figs. 11 and 13, it would appear
any such prediction could be considerably in error, sin
there is little correlation between attenuation and, say, p
ticle size. The memory indexn, which determines the los
tangent,bp , is probably governed by microscopic intera
tions between mineral grains, rather than the macrosco
mechanical properties of the sediment. These microsc
forces need to be characterized if satisfactory prediction
the level of attenuation are to be achieved.

XIV. CONCLUDING REMARKS

The acoustic properties of marine sediments are of p
tical interest to underwater acousticians concerned with
prediction of acoustic propagation loss, and to seismolog
geophysicists and geologists in connection with offshore
and gas exploration. Acoustic attenuation is central to th
investigations and accordingly has been the subject of v
extensive research. There is now considerable evidenc
support the view that in many unconsolidated marine se
ments the attenuation scales as the first power of freque
over some six decades of frequency. A satisfactory expla
tion of this phenomenon has not been readily forthcomin

In the unified theory of sediment acoustics developed
this article, the medium is treated as a fluid that suppor
previously unexplored form of intergranular dissipation. T
characteristic feature of the new loss mechanism is hys
esis, that is, the frictional stress at intergrain contacts exh
a memory. The linear scaling of attenuation with frequen
emerges quite naturally from the analysis, and the comp
sional wave speed is shown to exhibit logarithmic dispersi
although at such a low level as to be negligible in most
not all circumstances. According to the theory, pulse pro
gation in the medium is strictly causal, as of course it m
be, although a simple~but fallacious! Fourier inversion argu-
ment, which neglects the tiny level of dispersion, wou
seem to suggest otherwise. This apparent violation of cau
ity has fueled many a debate in the literature. Without do
the inter-relationships between attenuation, dispersion,
causality in the context of sediments are subtle but not pa
logical.

To augment the acoustic theory, a new model of
mechanical properties of sediments is developed, base
the idea of randomly packed, rough mineral grains. When
mechanical model is coupled to the wave theory throug
2595 J. Acoust. Soc. Am., Vol. 102, No. 5, Pt. 1, November 1997
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simple relationship between a frictional coefficient and t
grain size, expressions are obtained that relate the aco
properties~wave speed and attenuation! to the mechanical
properties~grain size, density, and porosity!. As far as the
wave speed is concerned, these theoretical correlations s
very nice agreement with published data.

The corresponding relationships for the magnitude of
attenuation cannot be easily compared with data, beca
measurements of attenuation show a high degree of varia
ity for nominally identical sediments. In other words, th
level of attenuation does not correlate well with the mecha
cal properties of the sediment. The new theory has been u
to trace the cause of the scatter in the attenuation data ba
the material memory function. The level of attenuation a
pears to be governed by the length of the memory, wh
could be very sensitive to interparticle bonding forces. Su
forces, acting on a microscopic scale, may be very differ
in otherwise similar materials, due to factors such as co
pactness, overburden pressure and physico-chemical eff
If this interpretation is correct, it will be difficult to make
prediction of the level of attenuation in a sediment with a
degree of confidence until the connection between part
bonding and the material memory function has been es
lished.

In this article, the analysis has concentrated on comp
sional wave propagation in an unbounded sediment. Sh
waves have been neglected in the analysis, even though
rated marine sediments are known to support shear, a
with wave speeds much slower than those in consolida
rocks. By extending the theoretical arguments develo
here in connection with compressional waves, the proper
of shear waves in unconsolidated sediments will be es
lished in a second paper on the geoacoustic propertie
granular materials. A third paper in the series will addre
interface wave propagation at the sediment–seawater bo
ary, on the assumption that the rigidity in the sediment ari
solely from inter-granular dissipation.
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