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An unconsolidated, saturated marine sediment consists of a more or less loose assemblage of
mineral grains in contact, with seawater in the interstices. It is postulated that the two-phase medium
possesses no skeletal frame, implying that the elastic rigidity modulus of the material is zero. A
theory of wave propagation in such a sediment is developed, in which the medium is treated as a
fluid that supports a specific form of intergranular dissipation. Two important equations emerge
from the analysis, one for compressional wave propagation and the second describing transverse
disturbances. For the type of dissipation considered, which exhibits hysteresis or memory, the shear
equation admits a wavelike solution, and is thus a genuine wave equation, even though the sediment
shows no elastic rigidity. In effect, the medium possesses a “dissipative” rigidity, which is capable

of supporting shear. This behavior is distinct from that of a viscous fluid, for which the shear
equation is diffusionlike in character, giving rise to critically damped disturbances rather than
propagating waves. The new theory predicts an attenuation coefficient for both compressional and
shear waves that scales with the first power of frequency, in accord with published data. The wave
theory is combined with a model of the mechanical properties of marine sediments to yield
expressions relating the compressional and shear wave speeds to the grain size, the porosity, and the
density of the medium. These expressions show compelling agreement with a number of
measurements from the literature, representing a variety of sediment types ranging from clay to
coarse sand. €1998 Acoustical Society of Amerid&0001-496808)05901-3

PACS numbers: 43.30.M®DLB]
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Cp compressional wave speéah/s) Y (jw) Fourier transform ofj(t)
Ce shear wave speen/s h(t) compressional material memory func-
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intergranular friction(m/s) S(.) shear material memory function
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a compressional attenuation coefficient : :
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(nepers/m o compressional material memory expo-
ag shear atte_nuatlon coefficiefriepers/m nent (0<n<1)
By compressional loss tangent m shear material memory exponent (0
Bs compressional loss tangent <m<1)
Q quality factor Ug mean grain diameter, microns
Xt compressional dissipation coefficient N porosity (0<N<1)
e compressional frictional rigidity modu- po bulk density of sediment (kg/
lus K bulk modulus of sedimenta
Le shear frictional rigidity modulus v volume ratio of smaller to larger grains
© angular frequency in a bimodal sediment
ko wave number in absence of intergranu- Pw= 1024 kg/nt  density of pore water
lar friction pg=2700 kg/mi  density of mineral grains
i i ky=2.25x10° Pa bulk modulus of pore water
Ime ) Kg=1.47X 10'° Pa bulk modulus of mineral grains
p pressure fluctuation A=3um rms particle roughness
v particle velocity P=0.63 packing factor of randomly packed
p denS|-ty quctuaFlon smooth spheres
W(t) velocity potential Up=1000um reference grain diameter
wo=2%10° Pa compressional frictional rigidity con-
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INTRODUCTION consolidated” with the presence and absence, respectively,

A theory of the acoustic and mechanical properties ofOf a skeletal frame. In a consolidated medium like rock, the
unconsolidated marine sediments was recently introduceporous mineral structure constitutes the elastic, skeletal

and developed in a paper by Buckinghhrereafter referred rame, and the Biot theory or an appropriate modification of

to as I. Central to the theory is a specific form of intergranu—!t is expected to hold. By way of contrast, the mineral grains

lar dissipation, which exhibits an unusual form of hysteresis.In an unconsolidated sediment are, on a microscopic scale,

It is shown in | that this particular type of dissipation gives mobile with respect to one another, suggesting that the ma-

rise to many of the observed properties of saturated san&gr'al POSSESSES Nno Sk_e'?ta' _frame. In thls case, the mecha-
and silts. The sediment was treated in | as an equivalent fluif'>™ of intergranular friction introduced in | is presumed to
in which shear-wave propagation was neglected govern the acoustic properties of the medium. The absence

Actual sediments have long been known to supportOf a frame eliminates the possibility of a slow wave in an

shear wave$;* although the shear speed is low comparedl"flcon.sc.)l'dated material. . : .
with the compressional speed. For instance, a medium-to- If it is accepted that an unconsolidated marine sediment

() .
coarse sand with a grain diameter of 500 has a compres- does not possess a skeletal frame, the medium cannot be

sional wave speed in the region of 1750 m/s, whereas th%egarded as an elastic solid. In fact, in several ways a satu-

shear speed is of the order of 100 fls.finer sediments the rated sediment is fluidlike in character. We postulate here
shear speed is even lower. Typically, the ratio of compresJEhat th_e s_ec_hr_nent acts as a true fluid, n the sense that its
namic rigidity or elastic shear modulus is identically zero.

sional speed to shear speed is somewhat greater than 10jn. . L
P P d his would seem to suggest that the sediment is incapable of

saturated sedimentsbut is less than 2 for water-saturated : . - . . .
rocks? suggesting that the geoacoustic properties of consoliSupporting shear waves, in contradiction with observations in
' laboratory andh situ, but this is not so.

dated rocks and unconsolidated sediments may be overng&e ) . -
y 9 There is no doubt that a saturated sediment exhibits an

iff hysical hani .
by different physical mechanisms “effective rigidity,” allowing the medium to support the

In a series of classic papers, Biot' developed a theory e ft Itis d trated here that
of acoustic propagation in fluid-saturated porous media. Th ansmission ottransverse waves. it Is demonstrated here tha
e rigidity may arise from a certain type of dissipation at

materials he considered consist of a solid elastic matrix, o ‘ . tacts. In oth ds. int | dissipatioot
skeletal frame, containing a compressible, viscous fluid. adhtergrain contacts. In other words, internai dissipatina

example of such a medium is water-saturated rock Bior£lasticity in the fluid medium is responsible for shear wave
viscoelastic theory leads to the prediction of three types Opropagatlon. This is a faurly rad|ca! st_atem_ent, sihce '.t 'S
body wave, of which two are longitudingtompressional easily proved that a conventional fluid, in which the dissipa-
and one is transvergsheay. The compressional wave of the tion is due to viscosity, cannot support transverse wals.

first kind, or fast wave, shows relatively little attenuation andtU"ms out, however, that if the internal dissipation exhibits an

corresponds to displacements of the frame and the interstitigPPropriate form of memory, a degree of stiffness or rigidity

fluid which are in phase. Out of phase displacements givés introduced into the medium, which allows shear waves to
' pagate.

rise to the compressional wave of the second kind, the slol™ . . . :
The properties of a particular type of fluid that is capable

wave, which suffers relatively high attenuation. f " h dis al tai f
Observations of fast, slow, and shear waves have beefi SUPPOrtiNG shear waves and 1S aiso representative of un-
nsolidated marine sediments, are developed in this article.

reported in a porous medium consisting of fused glass beaﬁ ) . ) . .
P P 9 g e basic theoretical ideas in | are extended to include the

immersed in watet?'® Such a material resembles rock in focts of sh Sing { - lar dissipation. B
that the fused beads formed a consolidated, elastic skeletgf €cts of shear arising Irom [ntergranular dissipation. By

frame. This is the type of medium addressed by the Biof"d?pbtl'_n% adsftant(:]ard argumer_n, sclapardatehd wave equgtlons :.r €
theory, and it was found that all the measured wave spee ablished for the compressional and snear waves in a sedi-

(2.81, 0.96, and 1.41 km/s for the fast, slow, and SheaFnent whose rigidity arises, not from frame elasticity, but

waves, respectivelyconformed with the predictions of the rom the Q|SS|pat|vg fo.rce.between. contiguous mlnerall par-
theory. ticles. As in |, the dissipation term in each wave equation is

In a second experiment by the same researcfersni- formulated as a temporal convolution between a material

nor change in the microgeometry lead to a radical change iﬁ:em(r)]ry funct|onhand the fgar?cle \tlﬁloc'ty‘ Trt'_e mc}lu;mn of
the acoustic behaviour of the porous medium. Instead of be- € shear wave has no efect on the properties of the com-

ing fused, the beads were left loose, or unconsolidated, mu roetf]slﬁga(lzovr\;avree'sggr'g; ;ﬁ??r':a iﬁi;trly Zsed:rsrglrb?nd Ifrr| olr.n
like a sediment consisting of mineral grains and seawater. P ' wav ging

fast wave with a speed of 1.79 km/s was observed, compdl® NeW theory show characteristics that are in accord with

rable with that of the compressional wave in sediments, bui?\vailable experimental data. In particular, the attenuation co-

neither a slow wave nor a shear wave were detected. Th%ffICIent of both waves is accurately proportional to the first

absence of a shear wave was attributed to scattering of t pwer ofleEquency, 1$?QS'Stem with the observations of
short, ultrasonic shear wavelengths used in the experiment. amilton,™™ Brunsom,"~and others.

As with the compressional-to-shear speed ratio, the fun-
damentally distinct behavior of the fused and loose glas‘l; BASIC FORMULATION
beads suggests that different physical processes may be at To derive the wave equations for compressional and
work in consolidated and unconsolidated materials. In thishear waves in an unconsolidated sediment, we assume that
article, we shall identify the terms “consolidated” and “un- the material is macroscopically homogeneous, isotropic, time
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invariant, and infinite. In effect, the granular medium is ever, with other forms for the memory functions, represent-
treated as a dissipatibut not viscous compressible fluid, ing the influence of earlier states on present behaviour, the
with an elastic rigidity modulus of zero. The absence of elasdissipation may be radically different in character from vis-
tic rigidity means that the material is not a Hookean solid,cosity. A specific form foh(t) was introduced in | as being
even though it will be shown to support transverse waves. representative of dissipation in marine sediments.

To begin, consider first théfictitious) case when dissi- Although the dissipation coefficients; and A\ in Eqg.
pation is entirely absent, that is, the medium is simply a(5) are analogous, respectively, to the shear and bulk viscosi-
lossless, compressible fluid. Then the equation of motion idies of a fluid, the subscript highlights the fact that these

coefficients are actually associated with intergranular fric-
i i ith viscosity. It is important to notice that there |
po — +gradp=0, (1)  tion, not with viscosity. It is important to notice that there is
ot no term in Eq.(5) of the form wx curl curl v, which would

wherev is particle velocity,p, is bulk density, ang is the necessarily be present to represent the effects of rigidity if

pressure fluctuation. From conservation of mass and th€ medium were elastic with rigidity modulys The ab-
equation of state sence of such a term is consistent with our hypothesis that a

marine sediment has no elastic rigidity, that is, the rigidity
modulus, u, is strictly zero. If the dissipation mechanism
were viscosity, the absence of the rigidity term in E§)
would lead to a diffusion type of equation for the vector
potential of the field, implying that the shear disturbance
would not be a true wave but would decay in time and space.
In other words, a viscous fluid does not support shear waves.
9%V However, as shown below, with an appropriate choice of the
po Zrz =« grad divv. (3 memory functionhg(t), a wavelike solution of Eq(5) for
transverse disturbances is admissible and shear wave trans-
There is no solution of this equation that corresponds tamission is possible as a direct result of the intergranular dis-
transverse waves. The speed of sodrel, the phase speed sipation.

op +x divv=0 2
il ivv=0, (2)
where k is the bulk modulus of the medium, and, on com-
bining Egs.(1) and(2), the familiar wave equation for com-
pressional waves in the medium is obtained:

of the compressional wayén the lossless fluide,, follows The functionsh(t) andhy(t), representing, respectively,
from Eq. (3): the material memory functions for the compressional and
- shear waves, are assigned the forms
Co= \/: (4) t871
Po h(t)=u(t) 7, 0<n<1 (6)

An expression fog in terms of the bulk moduli and densi-
ties of the two constituents of the lossless sediment, mineraind
grains and seawater, will be given later. tm-1

Now suppose that the medium is allowed to support in-  h(t)=u(t) 1_m 0<m<1, (7)
tergranular dissipation. Following the spirit of I, H§) must t
be modified by adding to the right-hand side two dissipationyhere the presence of(t), the unit step function, ensures
terms[see, for example, the analogous Navier—Stokes equahat the medium is causal. This type of memory function has
tion (2.3.18 for viscous dissipation, p. 162 in Morse and been discussed at length in I. It is shown below that the small
Feshbacl]. Thus the equation appropriate to a saturatecexponentsn andm, respectively, control the attenuation of

sediment is proposed as the compressional and shear wave, but have only a very mi-
52V 4 P nor dispersive effect on the wave speeds. The temporal co-
Po 5z =« grad divv+ 3 7¢+\¢|grad di\/E [h(t) efficientsty andt, appear in Eqs(6) and(7) to maintain the

correct units of inverse time for the memory functions, that
9 is, the convolutions have the dimensions of velocity.
®v()]—#; curl curl—[hy@vD)], (6 Equation(5) in conjunction with Eqs(6) and(7) is the
fundamental equation governing the propagation of compres-

whereh(t) andhg(t) are, respectively, material “memory” sional and shear waves in the dissipative fluid sediment.

functions for compressional and shear disturbances, and the

symbol ® denotes a temporal convolution. The basis of the,

dissipation terms in Eq(5) is that the components of the Il. WAVE EQUATIONS

frictional stress tensor involve the appropriate memory func-  According to Helmholtz's theoref,any vector fieldy,

tion convoluted with the particle velocity, rather than themay be expressed as the sum of the gradient of a scalar

velocity itself. potential,, and the curl of a zero-divergence vector poten-

If h(t) and hg(t) were delta functions, Eq5) would tial A:

reduce identically to the form appropriate to a viscous .

fluid,*>®sinces(t) ® v(t) = v(t). Thus viscosity corresponds v=gradg+curl A div A=0. ®)

to the situation where the medium has no memory, that isFollowing a standard form of analysisthe first of the ex-

previous events have no effect on the current response. Howpressions in Eq(8) is substituted into Eq(5), which may
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then be separated into two equations by equating terngs in similarly (H,H) are the transforms of the memory functions
andA: (h,hg). Now the Fourier transform of the memory functions
in Egs.(6) and(7) is a standard form?

1%y (5m+Ng) 9
V3)— — —+ ——— —Vh(t t)]=0 (9 r1-
1 2 + pocl [h(t)®y(t)] 9 H(jw):ﬁ 15
and and
m I _‘92A_ r(1-m
S VDA~ Zr =0, (10 Hs(jw):(j((vtT_)m, 16

2 . . . ..
Where v _'s the Laplacian. _The édentltles curl gradro wherel’(..) is the gamma function, which is essentially unity
div curl A=0, and curl curlA=—V*A were used in deriv-  giycen andm are very small numbers. On substituting these
ing these expressions. The wave equation for compressmng;(pressions into Eq$13) and (14), we arrive at the follow-

waves[Eq. (9)] formed the basis of the discussion in I. ing reduced wave equations for the compressional and shear
For a shear wave of vertical polarization, the vector po, o\ as:
tential can be chosen so that only one component differs

from zero. Setting 2

(O]

[1+(joto) "X V2V + 2 V=0 17)
s 0
A=— ar Ge 1D and
wherer is horizontal rangeg, is the unit vector normal to Hs goy o w? V=0 (18)
the plane of propagation angk is a scalar shear potential, Po S (jotp)™ "3 7
Eq. (10) reduces to As in |, the dimensionless dissipation coefficigntap-
N, EIVA pearing in Eq.(17) is simply an amalgamation of several
o VIhs(®¢(t)]— —==0. (120  parameters:
This is a new equation for transverse disturbances, whichis (37 +A)T(1—n)  u, 19
discussed below. XE= PoCito "~ pocl’ (19

Although it may look diffusionlike in character, ElL2) . L
together with the expression for.(t) in Eq. (7) admits a where . may be regarded as the compressional, dissipative

wavelike solution and hence may be regarded as a genuif@idity modulus. The coefficieny; governs the properties
wave equation. It is easy to see, however, thatt) were of the compressional wave, that is to say, the wave speed and

a delta function, corresponding to viscous dissipation, Eqttenuation. The new coefficienks, appearing in the re-

(12) would indeed take the form of a diffusion equation, duced shear wave equatipiq. (18)] is
whose only solution is a critically damped disturbance, 7
which is not a true wave. This, of course, is why a viscous ~ #s=¢ I'(1-m). (20
fluid cannot support transverse waves. Clearly, #8) is an
important result: while being consistent with the special casd Ne importance of this coefficient should be recognized,
of a viscous fluid, it allows for the possibility that certain Since it is the transverse “effective rigidity modulus” of the
types of dissipative fluidgi.e., media whose elastic rigidity Sediment, arising directly from the intergranular dissipation.
modulus is zerpare capable of supporting propagating sheart is because of the nonzero valuef that shear waves can
waves. propagate in the fluidlike sediment. Notice that, like the ri-

The wave equations in Eq) and(12) are expressed in  9idity modulus of an elastic solid. and us have the di-
the time domain, and the coefficients appearing in them arBensions of pressure, but neither is an elastic modulus: Both
real constants representing the mechanical properties of trf¢ale with the level of the intergranular dissipation, and
medium. Thus these constants are not permitted to beconfténce are direct measures of the dissipative rigidity of the
complex, nor may they show any frequency dependence. medium.

When the compressional and shear-wave equations are
Fourier transformed with respect to time they become

I1l. WAVE SPEED AND ATTENUATION

w? . (%ﬁf"’)\f) .
V2 + pea VY+jw e H(jw)V?¥=0 (13 Consider one-dimensional, plane-wave propagation in
0 oo the x direction. For this simple situation, the reduced wave
and equation for the compressional wapgqg. (17)] can be writ-
. ten as
f . .
oo Hsli@) VAW~ jol =0, (14 W w2

>+ — _ —— V=0 (21
wherew is angular frequency, ¥,V ) are the Fourier trans- X Col 1+ (jeto)"x1]

forms of the compressional and shear wavésiy(), and and similarly for the shear waJé&q. (18)],

291  J. Acoust. Soc. Am., Vol. 103, No. 1, January 1998 M. J. Buckingham: Theory of compressional and shear waves 291



PV w? zero as the losses vanish, consistent with observations in

+ — ¥ =0. 22 i i 3,24
K Got)™ulpg) LS (22 actual marine sed_lmenfﬁ _
_ . _ _ To first order inn andm, the compressional and shear
By inspection, the solutions of these equations are attenuation coefficientsy, and «s, respectively, from Egs.
° (23)—(26), are
V=W, exp—j . x| (23
Cov1+(joto) X1 ap=,3p|il=ﬂ|il, (31)
C, 4(1+x1) cp
and
and
V=W ' ° || (24) lo|  m7 |l
=Wso EXP— ) —= X, 1) 7 |w
© V(jot)™(us/po) as:ﬂsc—S:TC—s- (32)

whereW, and¥, are th? amplitudes of the compregsionalThe dimensionless, frequency-independent loss tanggnts
and s?ear wave, trespectlvely. ,:3 ol;[h c(j)f thesg,\ expreiﬁmtqs rteBhd,BS, representing the imaginary part of the complex wave
resent a propagating, exponentially damped wave, that IS, r}‘ﬁ.lmber relative to the real part, are defined by these expres-
dissipative fluid described by Eqs.7) and(18) supports not sions. Notice that both attenuation coefficientg, and as,

only a compressional wave but also a well-behaved Sheasrcale as the first power of frequency. Moreover, the weak
wave. . o dispersion expressed in EqR7) and (28) is exactly as re-
Following I, accurate approximations for the wave uired by the Kronig—Kramers relationship for a me-

spegds and attenuations may _be develo.ped on the basis o m with attenuation of the form given in Eqéd1) and
straightforward qrgument. T(.) first order n the small param'(32), irrespective of the details of the mechanism responsible
etern, the following expressions are valid: for the dissipatiorf’ The linear scaling of attenuation with
[sgnw)j]"=cognm/2)+ | sgn w) sin(nm/2) frequency emerges from the new theory quite naturally. It
) has been discussed at length in | in connection with attenu-
~1+(nmi2)sgrw), (29 ation of the compressional wave, for which extensive sup-
and porting data are availabfé:'® Far fewer measurements have
0 _ been made on the attenuation of shear waves in unconsoli-
(|olto)"=exin InJwty)]=1+n In(|w[to)+--- . (26)  gated marine sediments, but the little evidence that has been
Obviously, similar expressions hold for the term raised to thepublished is consistent with E¢32).
power ofm in Eq. (24). The signum function in Eq25) has

been included to accommodate negative frequencies. Henc
9 q 5\/ SHEAR ATTENUATION VERSUS FREQUENCY

to the same order of approximation, the compressional an EASUREMENTS

=CoV1+xi

NXxt
1+ ——— In(jw|t

m

shear-wave speeds, andcs, respectively, can be written as
c—c Rm . Figure 1 show_s the attenuation of shegr waves as a func-
p— >0 Jolo) X1 tion of frequency in water-saturated medium sand, as mea-
sured in the laboratory by Brunson and Johri$oand
(27 Brunson'® The data points in the figure show the values
tabulated by these authors. All three sand samples repre-
and sented in the figure had approximately the same mean grain
co=ReV(jot) ™ 1 /po) diam_eter, lying between 350 and 3g0n. The solid lines in
the figure are least-squares, power-law fits to the data, and
\/,u\s the exponent of each is shown in the corresponding panel.
= E ' (28 These exponents are all very close to unity, consistent with
) _ the linear frequency dependence for the attenuation ex-
According to these expressions, both wave speeds show VePfessed in Eq(32). No shear speed was reported for the
weak logarithmic dispersion, which in most circumstances istaboratory sediments, but if for the moment it is assumed to
entirely negligible(see ). Thus the wave speeds are essen,q c.=120 m/s, then from Eq(32) the value ofm is found
tially given by the frequency-independent expressions to be m~0.049, which is comparable to the values rof
—c found for compressional waves in I.
Co=CovlHxr 9 In addition to his sand data, Bruns8ralso reported
and measurements of shear attenuation in a granular medium
\/M\s consisting of loose, spherical, quartz glass beads immersed
Cs=\/—. (30 in water. The beads were sorted, with a mean diameter of
P 380 um, that is, much the same as the sands in Fig. 1. Figure
It is interesting that the shear speed takes exactly the sank shows the results of the measurements, as tabulated by
form as it would in an elastic solid, except that the dynamicBrunson, and also a power-law, least-squares fit to the data.
rigidity modulus, u, has been replaced by the dissipative The linear relationship between attenuation and frequency
rigidity modulus, us. Sincepug scales with the level of dis- exhibited by this particular medium is quite striking, and, as
sipation[Eq. (20)], it is clear that the shear speed goes towith the sand data in Fig. 1, is in excellent agreement with
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S e— e From a theoretigal point of view, the ql_Jestion of
(Brunson & Johnson!?) (Brunson!%) whether the attenuatiofcompressional and shean sedi-
ments is proportional to frequency is extremely important.
Attenuation measurements, especially for shear, are difficult
to make and invariably the data points will show some ran-
8 b dom scatter, especially at lower frequencies, where the wave-
10 e o' e 100 e o 0 length becomes comparable to the dimensions of the experi-
frequency, iz frequency. iz mental set up. There is some evidence of such scatter in
Brunson’s sand data shown in Figal, (b), and(c). How-
ever, the only feature common to all three data sets in Fig. 1
is their near-linear dependence on frequency. The detailed
excursions of the data points about the regression lines show
. o no obvious systematic behavior, suggesting that the fine
o e structure in the data bears little relation to the primary physi-
10 O 1 10 et cal mechanism responsible for the attenuation in these mate-
rials. Accordingly, the only reasonable interpretation of
FIG. 1. Shear-wave attenuation,, versus frequency, in saturated me-  Brunson’s datd*for sands, and also of course for the glass

g“‘lm sands Wit*l‘ mean gra(ij” tdiamefteﬁs thtwete” i’53 a”(mfﬁome Sym- beads, is that the principal dependence exhibited by the shear
ols represent laboratory data as followa): saturated angular sand, from . . O . .
Brunson and Johnso(Ref. 17, Table II; (b) sorted sand, from Brunson attenuation is a near-linear scallng with frequency'

(Ref. 18, Table 2;(c) unsorted sand, from BrunsdRef. 18, Table 2; and
(d) superposition of the data in pandla—(c). The solid lines are least-

squares fits to the data of the power lay=af®, wheref is frequency and
a, b are constants. V. WOOD’S EQUATION FOR ¢,

O_

nepers/m

medium sand (unsorted)
(Brunson!%)

superposition of
sand data

nepers/m

The parametec, defined in Eq.(4) is a constant for a
Eq. (32). Assuming the same shear speed of 120 m/s, thgiven sediment, since it depends only on the bulk modulus
value of the exponentn for the glass beads i§1~0.025, and the density of the medium. It is the value that the com-
which is about half that found for the sand. pressional wave speed would have in the absence of inter-

Although the data sets in Figs. 1 and 2 represent a vergranular losses, that is, if there were no dissipative rigidity.
limited sample, the trend that they follow is consistent withThe effect of the rigidity is to increase the stiffness of the
the linear frequency dependence expressed by(®). Cu-  medium, which in turn raises the compressional spegd,
riously, in assessing his own shear-attenuation experimentgove the value,. This physical interpretation af, andc,
on sands and glass beads, Brurt§amade the following s consistent with Eqg3) and(5), and also with the expres-
statement. “None of the three sediments exhibited a trulysjon forc, in Eq. (29).
linear frequency dependence across the entire frequency In the absence of inter-granular dissipation, the material
range, although linear regression fits to the data produce@lould be a simple, lossless, two-phase medium, consisting
reasonable results, particularly for the “ideal” spherical of mineral grains and seawater. The sound spegdin such
beads.” This conveys the impression that the shear attenua medium is given by Wood's equatiéh,in terms of
tions measured by Brunson do not scale as the first power afeighted means of the bulk moduli and the densities of the
frequency. Such an interpretation is difficult to reconcileconstituent materials. An interesting aspect of Wood’s equa-
with the plots shown in Figs. 1 and 2. tion is that, over the years, it has been discussed by several

authors in connection with marine sediments, but always in

the context of the observable compressional wave spged,

rather than the nonobservable speegl, Although Wood's
unconsolidated glass beads . . . .

(Brunsonl$) equation alone does not yietd , since it takes no account of
rigidity in the material, it is developed below to provide an
expression foc,, which will be used later when evaluating
the actual wave speed,, in Eq. (29).

To expresg in terms of the densities and bulk moduli
of the mineral grains and seawater, the density of the sedi-
ment is written as

po=Npy+(1=N)pg, (33

whereN is the porosity of the materiap,,= 1024 kg/ni is
g . _ . the density of seawater, apg=2700 kg/nt is the density of
° O equeney.tz " quartz sand grains. Similarly, the bulk modulus of the me-
dium, «, is given by

shear attenuation, nepers/m

FIG. 2. Shear-wave attenuatiam,, versus frequencyf, in water-saturated,

unconsolidated glass beads. The symbols represent data from Bifiefon 1 1
18), Table 2, and the solid line is a least-squares fit to the data of the power —=N — + (1-N) —, (34)
law ag=af®, wherea, b are constants. K Ky Kg
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wherek,,=2.25< 10° Pa is the bulk modulus of the intersti-
tial seawater. As in I, the bulk modulus of the mineral grains
is taken to bexy=1.47x 10" Pa, which is the geometric
mean of the values reported by Chotfo® (6x10° Pa)

and Stolf! (3.6x 10 Pa). From the definition in Eq4),

the sound speed in the absence of friction can now be written
as

porosity

. \/ KWKg 3
0= VNput (I-N)pgl[Nigr (1-Njw]. 0

which is Wood'’s equation foc. a)

The porosity,N, in Eq. (35) is related to the mean di- 5 i« o @ 0
ameter,uy, of the mineral grains comprising the sediment. ' , -
To establish the relationship betwebhandugy, a packing
argument must be invoked. Such a relationship, in conjunc-
tion with Eq. (35), will allow c, to be evaluated for various
types of sediment, as characterized by the grain size.

porosity

VI. COUPLING OF WAVE PROPERTIES AND
MECHANICAL PARAMETERS

A simple packing model of a saturated sediment was b) : _ o :
introduced in I, in which the roughness of the mineral par- 0 @ G w e
ticles plays an important role. The sediment was assumed to grain diameter b
consist of ra.ndomly pac_ked, rough sphe_res, which gave S IG. 3. Porosity versus grain size. () and(b) the solid line is the theo-
to t_he f_OHOW'ng expression for the porosity as a function of retical expression in Eq36) and the symbols represent data from the fol-
grain size: lowing sources(a) and(b) open circle(O), Hamilton(Refs. 15, 33 (a) and

3 (b) circle with cross(®), Richardson and Brigg&Ref. 249; (b) cross(X),
Ug"’ 2A (36) Richardsonet al. (Refs. 23, 34-3B The key to the sediment types is:
Ug+4A

N=1-P cs=coarse sand; msmedium sand; fsfine sand; vfsvery fine sand.

where P=0.63 is the packing factor for a random arrange-
ment of smooth spheré$.In Eq. (36), the mean particle

. . . . - that it includes several additional data sets from Richardson
d|ameter,ug, is measured in microns, amfl is the rms

> and colleague$>>*~3|t is evident that the porosity exhibited
roughness measured about the mean surface of a particle. i g, e of the finer sediments, the silts and clays, is not a
Valu? ofA :f3 j“lm' |3erend(ta)nt of part|cled5|ze,c;gf_approp;l— single-valued function of the particle size, and that many of
2te or SUL,'C'a S€ w;:entsh ut mat))/ n(;ae modification Idorthe data points for these materials fall below the theoretical
eeper sediments, where the overpurden pressure cou '&irve[Eq. (36)]. The corresponding densities are higher than
duce the porosity by squeezing the particles closer togethefyredicted by Eqs(33) and(36), as shown in Fig. ), which

_According to Eq._(36), the poros_ity _Of a very coarse- iq the same as Fig.(@ but with the addition of data from
grained sediment having a mean grain size much greater th%chardsonet al 233837 |ncidentally, most of Richardson’s
t_he rough_ness scale_ Nmi_nzl__P:O'_37’ Wher_eas the very density data are not determined directly as a mass-to-volume
finest-grained material, in whicly is vanishingly small, i bt are computed from the measured porosity using the
shows & porositNma=1—(P/8)=0.92. In between these \qighted mean of the two-phase medium in Bg). Thus
two extreme values, the porosity expressed by B6) de- _the data represented by the crossesif Figs. 3b) and 4b)

cays monotonically with Increasing grain sSiz€, as ghown Nre not independent, making it inevitable that low porosities
Fig. 3. The measured porosity of many marine sediments Iill appear as high densities

in accord with Eq(36), as can be seen in Fig(&, where the
. 3 .
symbols represent data from Hamilts® and Richardson rosity in silts and clays. As discussed in I, one possibility is

; 4
anq Brl_ggsz. Note that _the data span almost three_ decades gf,¢ presence of a secondary, smaller particle species, which
grain size, corresponding to sediment types_ ranging from thﬁ1-fills the pores spaces, thus displacing water and reducing
finest-grained clays to coarse sand. At either end of th'?he porosity of the medium. To accommodate a bimodal

range, the data approach the valuég;,=0.37 andNmax  grain_size distribution, the expression in E86) must be
=0.92, as predicted by E¢36), and elsewhere the measure- %odified as follows: ’ P HGo)

ments fall nicely on the theoretical curve. Similar agreement
is found between the theoretical density determined from
Egs.(33) and(36) and Hamilton'$>**measurements of den- N=1-P
sity versus grain size, as shown in Figa4

However, not all sediments are described by B6), as  wherey is the volume ratio of the primary particle species to
illustrated in Fig. 8b), which is the same as Fig(8@ except the smaller, in-filling particles. In the case of the coarser

Several factors could be responsible for the reduced po-

ug+2A
Ug+4A

3
(1+y), (36)
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spheres, of course, are being considered as adjacent mineral
particles with diameter R=ug.

Returning to the problem of specifying the unknown
compressional rigidity modulus

clay sile vfs | fs | ms | cs
2000

1800

At
uc=(3mt—f) r(1-n), (39)
0

density

1600

1400

it is now assumed thai is proportional to the radius, of
the area of contact between contiguous mineral grains, as
given by EQq.(37). Accordingly, the coefficient of compres-

1200

a)

1000 o o 7 o sional dissipation may be expressed in the form
2200
113
o= Mc _ ﬁ) Mo (38)
= ' PoCo \Uo PoCo’

18001

where, as in the phi units of grain size, the reference grain
diameter is chosen asi;=1000um, representing very
coarse sand, and,=2x 10° Pa is a constant of proportion-
ality that has been selected on the basis of a best fit to
compressional-wave speed versus grain-size @&® Fig. 8

in 1). Although Eq.(38") apparently contains two scaling

L a 1 ) parameters)g andug, it should be obvious that they are not

P pmdameenpm b independent and that there is in effect only one, namely
ol (Ug)Y3=2x10® Pa/(um)¥3. The formulation in Eq.

FIG. 4. Density versus grain size. (a) and (b) the solid line is the theory (38) has been chosen to avoid a single scaling constant with
from Egs.(33) and(36), and the symbols represent data from the following th th K d its of ten ml,3
sources{a) and(b) open circle(O), Hamilton (Refs. 15, 33 (b) cross(X), e rather awkward units of pressuieng :

Richardsoret al. (Refs. 23, 36, 3] The key to the sediment types is in the Equation (38') states that the compressional rigidity
legend to Fig. 3. modulus, u., is proportional to the length of the line of
highest tensile stress between grains. According to Hertz's

sediments, the sands and many of the coarser silts, Whi?ﬁssu't In Eq.(37), the length of this line depends on several

. L C actors apart from particle size, including the forEe,press-
tend to show a unimodal grain-size distribution, the value o b P 9 Be.p

mav be safelv set to zero. but. for the finer sedimentar ing the two particles together. If it were assumed that this
y may arely ) ' R ) Yorce scales with the overburden pressure, which itself is
materials with an admixture of clay, it is important to iden- . . .
tify the appropriate value of. Sometimesy is reported in- approximately proportional to the depth of the sedimént,
pprop ' Sy P then Eq.(38') could easily be extended to give the near-

directly, for example, as a percgntage C,Iay in S|.It. OtherW|semterface depth dependenceyaf, x; and thence of,,. That
vy could be evaluated by matching E86') to a direct mea- . )
: is to say, the depth dependencenf, x;, andc, is con-
surement of porosity. : : - 73 13 S
The sound speed,, in the absence of friction varies tained in the coefficiento, and o= "D which im-
P 0 plies thatc, varies rather weakly with depth, consistent with

Wm,] the mean grain sizayy, as given by EQs(35 and " 1cervations of HamiltSrand Richardson and Brigd8.
(36'). In order to go one step further and express the com;

. Although the depth dependence @f is of considerable in-
press_lonal speed, [Eg. (.29)]. and shear-wave §peeg [Eq. terest in connection with various applications, it is not pur-
(30)] in terms of the grain size, the compressional and shear ! .

e - ; sued here. For our present purpose, we confine our attention
dissipation coefficientsy, and ug, respectively, must be . . )

; . . to surficial sediments and treat, as a constant with the
expressed as functions of,. To help establish the required ; . ,
) . X . value given above. Then, it follows from E(B8’) that the
relationships, the Hertz theory of deformation of two spheri- . ,
. o : . functional dependence of the compressional speed on par-

cal, elastic bodies in contattis used as a guide.

According to the Hertz theory, when two identical elas-tICIe size is given by

density

1600

1400

1200

b)

1000
107

tic spheres are pressed together by a férca circular area TRELCIN
of contact forms between them whose radisijs given by Cp= co+ 3 = (39
the cube-root expression Yo/ Po
3 BF(1-02) _ wherec, andp, themselves depend ary through Eqgs(33),
a= Z T R, (37) (35), and(36’).

To establish its dependence on particle size, the dissipa-
where R is the sphere radius and(o) are, respectively, tive, shear rigidity modulusu, in Eq. (20) is treated in a
Young’s modulus and Poisson’s ratio of the material constisimilar way to u. in the expression fow;. In this case,
tuting the spheres. The maximum tensile stress occurBowever, we assume that is proportional to the areasa?,
around the circumference,s, of the area of contact, and of the circle of contact between mineral grains, which gives
acts in the radial direction. In the present context, the twaise to the expression
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where the constant of proportionality jg;=5.1x 10" Pa
and, as beforeyo=1000um. Again, only one scaling con-
stant is actually present in the formulation in E@O),
namely w1 /(Ug)??=5.1x10° Palum)?. It is implicit in
Egs. (37) and (40) that uxF?3«xD?3, that is, us scales as
the sediment deptiD, raised to the power of 2/3. From Eq.
(30), this corresponds to a shear speeg, that is propor-
tional to D3, which is very close to the empirical fractional
power-law depth dependencies focs discussed by
Hamiltor®® and Richardsoret al* As with c,, the depth
dependence af is not pursued here, but instead only surfi- oL i . = ,
cial sediments are considered, as described by, with graim diameter, pm

u, taking the value stated above.

It follows from Eqgs (30) and (40) that the dependence FIG. 5. Shear speed versus grain size. The solid line is the theoretical
fth h d ) icl . . . b expression in Eq41) and the symbols represent data from the following
of the shear speed on particle size Is given by publications: circle with plus sigii®), Richardsonet al. (Ref. 23; circle

shear speed, m/s

13 with cross(®), Richardson and BriggdRef. 29; plus sign(+), Richardson
Co= ﬁ /lu“l (41) et al. (Ref. 39, asterisk(*), Barbagaletat al. (Ref. 35; cross(X), Rich-
s Ug Po' ardson(Ref. 36; solid circle (®), Richardson(Ref. 41). The key to the

sediment types is in the legend to Fig. 3.
wherep, is a function ofu, through Eqs(33) and (36').

_ The expressions discussed in this and the preceding Sec- |t can be seen in Fig. 5 that the predicted shear speed
tion allow the wave speeds, andcs, along with the asso-  fo|jows the trend of the data fairly accurately over some
ciated attenuation coefficients, to be plotted as functions ofnree decades of particle size. Similarly, the theoretical rela-
any one of the mechanical properties of the sedinieet,  (onship in Fig. 7, between shear speed and compressional
particle size, density, or porosjtyOnly four unknown pa- sPeed, aligns quite nicely with the data. The shear speed as a
rameters appear in the theory of the mechanical properties @inction of porosity in Fig. 6 is also predicted reasonably
the sediment, three of whictd, uo, and wy) have been \yg|| py the theory, although in this case the data for the
assigned non-adjustable values, which are representative igher porosity, finer sediments fall slightly below the theo-
surficial sediments. The fourth parametgy,which appears etical line. This is perhaps not surprising, since these are the
in Eq. (36 for the porosity, is zero for sands and many of ynes of sediment that often show a bimodal particle-size
the coarser silts but, for the finer sedimenfsshould be  gistribution and a correspondingly reduced porosity. With
determined from a match to porosity data. set to zero, this effect has been excluded from the theoretical
curve in Fig. 6, which accordingly is somewhat high.

It is evident in Figs. 3—7 that the experimental points
show some spread, part of which may be attributed to experi-

The expressions developed above relating to commental error and also to the fact that the various data sets
pressional-wave properties have been compared in | with were collected under very different environmental condi-
number of comprehensive data sets and shown to align agions. Factors such as ambient temperature, water depth,
curately with the measurements. The expressions for theeasurement depth beneath the bottom interface, sediment
shear properties are rather more difficult to verify because
published shear data are comparatively rare. This is espe-
cially true of direct measurements of shear parameters. Indi-
rect estimates of shear properties, for example, shear speed
inferred from the measured speed of an interface wave, are
unsuitable for comparison with the predictions of the new
theory. However, a few direct measurements of shear param-
eters can be found in the literature and these are compared
below with the theory.

Figures 5 to 7 show the shear speed versus mean grain
size, porosity and compressional speed, for a variety of sedi-
ments ranging from very fine-grained clays to coarse sand.
As identified in the legends to the figures, the data in Figs.
5-7 are from a number of papers that have been published 0 . . . ‘ .
over recent years by Richard$di*3*-%¢*land colleagues. o o ooty o o
For the purpose of the comparisons, the theoretical curves IIQIG. 6. Shear speed versus porosity. The solid line is the theory from Egs.

Figs. 5-7 have been computed with the bimodal size paramz1) and(36a with =0, and the symbols represent data, as identified in the
eter, y, set to zero. legend to Fig. 5.

VIl. COMPARISON WITH DATA

100

shear speed, m/s

50
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which employs bimorph ceramic bender transducers for mea-
suring shear-wave properties directly.

150

VIII. ATTENUATION AND THE MATERIAL MEMORY
FUNCTIONS

The small exponenta and m in the material response
functions, Eqs.(6) and (7), characterize the length of the
“memory” of the medium. A longer memory corresponds to
a smaller exponent andce versa These exponents) and
m, respectively, also govern the levels of the compressional
and shear attenuation in the sediment. This is evident from
the expressions in EqE31) and(32) for the loss tangentg,

shear speed, m/s

501

0 L I ( L L L L
1350 1400 1450 1500 1550 16800 1650 1700 1750 1800

compressional speed, m/s and BS :
FIG. 7. Shear speed versus compressional speed. The solid line is from the nm X
theory in the text and the symbols represent data, as identified in the legend Bp:T m (42)
to Fig. 5. Xt
and
. . . . . . mar
inhomogeneity, bioturbation, and gas-bubble inclusions ’BS:T' (43)

could all lead to variations in the observed properties of the
sediment. Similarly, deviations in the bulk modulus and den-According to these expressions, the attenuation in sediments
sity of the mineral particles from the values cited abovejs a direct manifestation of the material memory. With an
could also introduce some variability into the data. Nevertheindefinitely long memory(i.e., n andm vanishingly small,
less, the theoretical curves plotted in Figs. 5-7, as evaluatefiere would be no attenuation. Notice thgatis independent
from the expressions developed here, with fixed values foof the particle size bu, depends on grain size through the
all the constants, can be seen to follow the trends of the dataresence ofy; .
very satisfactorily. It has been argued in | that the exponent of the memory
In fact, the good agreement between theory and experiunction is not determined primarily by the bulk mechanical
ment warrants some comment. For instance, the compreproperties of the sedimerigrain size, density, or porosity
sional and shear wave speeds, respectively, vary with particleut by the bonding forces between particles, which depend
size as shown in Fig. 8 in | and in Fig. 5. In both cases, theon the microstructure and physicochemical nature of the
agreement between theory and data extends over about threediment grains. Evidence for this conclusion lies in the fact
decades of particle size, from coarse sands down to finthat sediments with essentially identical mechanical proper-
clays. Now, the theoretical expressions for the wave speedies may show significantly different levels of attenuation.
have been developed principally on the basis of the HertZhat is to say, there is a lack of correlation between the
theory of elastic spheres in contact, which is a reasonablattenuation and the bulk properties of sedimésés Figs. 11
model of sand grains. However, the mineral particles in clayand 13 in). This implies that the attenuation and hence the
are rather more like platelets with a very high aspect ratiomemory are governed by the microstructure of the medium.
which raises the question as to why the theory should fit the  Supposing this to be the case, then in a given sediment,
data for clayey materials as well as it does? which is assumed to bgocally) homogeneous and isotropic,
With regard to intergranular dissipation, it seems that thet is reasonable to surmise that the compressional and shear
mineral particles in clay interact, not individually but on av- memories are each determined by the same microscopic in-
erage as an ensemble, as though they were “equivaleferactions between particles. According to this hypothesis,
spheres” of volume equal to the mean volume of the parthe two memories would have exactly the same length, that
ticles themselves. In this sense, it could be argued, clay pafs, the exponents of the compressional and shear memory
ticles are little different from sand grains. This interpretationfunctions,n andm, respectively, would be equal.
is consistent with the continuity in the data points in Fig. 5,  Assuming that equality does hold betweenand m,
for example, which appear to follow a smooth curve, exhib-then the ratio of the compressional and shear attenuation co-
iting no abrupt change in behavior in the region separatingfficients in Eqs(42) and(43) is independent of the memory
clays from the coarse silts and sands. The physics of particlexponents:
interactions in clays, especially in the context of wave propa- Be (1+x1)
gation, is a subject which is still under development, so must —= , for m=n. (44)
be deferred to another time. P Xt
Perhaps the most pressing need now is the acquisition df is evident from this expression that, with=n, the shear
more, directly measured situ wave properties, particularly attenuation must always be greater than the compressional
attenuations, supplemented by mechanical data from coreattenuation. Figure 8 shows the attenuation ratio versus par-
Such measurements are challenging but feasible with the adicle size,uy, as evaluated using the expressions in E4§).
vent of remotely deployed platforms like ISSAM3?  and(38). It can be seen that the ratio in E@4) decreases
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IX. CONCLUDING REMARKS

. clay silt vis | fs | ms | cs
K SR CI R R R R : A new analysis of wave propagation in a saturated ma-
rine sediment, consisting of mobile mineral grains and sea-
atenuation o water, has been presented above. The medium has been
treated as a fluid, with an elastic rigidity modulus set identi-
cally to zero. Dissipation, associated with intergrain contacts,
has been formulated to account for hysteresis in the material
by introducing material memory functions with a specific
functional form. These memory functions give rise to a wave
equation not only for a compressional wave but also for a
transverse wave, that is to say, this particular type of dissi-
pative fluid can support the propagation of shear waves. In

. ; effect, the intergranular dissipation provides the material
" in diameter,um 1 0 with a certain “dissipative” rigidity, even though the me-

dium has no elastic rigidity. Such behavior is not possible in

et o et e s o e e S8 8 viscous fld, where & nansverse ditubance i crt
Egs.(44) and(383. The solid circlés{.) represent the two data points from cally damped a,nd d06§ not prgpggate as a true wave. .
Richardson(Ref. 41, and the key to the sediment types is in the legend to One of the interesting predictions of the new theory is an
Fig. 3. attenuation coefficient for both the compressional and shear
wave that is proportional to the first power of frequency.
Fairly compelling experimental evideriGéndicates that this
type of frequency dependence is exhibited by the attenuation
coefficient of compressional waves in sediments. The data on
) . . . attenuation of shear waves in sediments are more limited, but
~500um). This variation arises entirely from the depen-a linear dependence on frequency has been obs&hdn-

dence off3, on particle size. der laboratory conditions, in water-saturated sands and un-
To test the hypothesis that=n, measurements of the ,nsolidated glass beads.

compressional and shear attenuation in the same sediment | | 4 model of the mechanical properties of a sediment

are required for comparison with the theoretical prediction inyas introduced, which has been combined here with the
Fig. 8. It is emphasized, however, that these measuremenjgave analysis to obtain expressions relating the compres-
must be performed on the same sediment sample. Otherwis§ional and shear-wave speeds to the grain size, porosity, and
even with nominally similar sediments, the microscopic in-density of the medium. Comparisons of these expressions
tergrain interactions could be quite different, which wouldwith published data, for a variety of sediments ranging from
compromise the comparison. clays to coarse sand, show that the theory follows the trend
Measurements of the compressional and shear attenuaf the measurements reasonably accurately. Thus by speci-
tion coefficients in the same sediment were reported recentlfying the grain size, for example, the theory yields sensible
by Richardsorf! He investigated two types of sedimentary estimates of the compressional and shear speeds, the density
material from the northern California continental shelf, a fineand the porosity.
sand, and a clayey silt, with mean particle diameters of 128 If certain dissipative, fluidlike(zero elastic rigidity
and 4.4um, respectively. The ratio of the measured attenunodulug sediments can support shear, they should also be
ations in each of these materials is shown in Fig. 8 as théapable of supporting an interface wave at the water—

solid circles, with the error bars representing standard devias€diment boundary, the theoretical properties of which have
tions, as reported by Richard€drin his Table I. yet to be established. Such a development would be relevant

It is apparent that, within the limits of experimental er- to a number of applications, where interface waves are used

ror, both of Richardson’ data points support the hypoth- 2: dir:):rlsé'“gor investigating the  properties of ocean
esis thatm=n. For these two sediments, the numerical val- '

ues of the memory exponents may be determined from

Richardson'$! shear attenuation coefficients8;=0.0875 ACKNOWLEDGMENTS

(fine sand and 0.0656clayey sil, corresponding to values Dr. Michael Richardson very kindly provided me with a

of m=0.11 andm=0.084, respectively. Although the com- nrepyrint (Ref. 47 containing his most recent compressional
parison of data with theory in Fig. 8 is consistent with the and shear attenuation data, which have been reproduced here
idea that the shear and compressional memory exponents gfeFig. 8. This research was supported by the Office of Naval

the same, it should be borne in mind that a sample populaResearch under Grant No. N00014-91-J-1118, which is ap-
tion of two is hardly sufficient to reach a definitive conclu- preciated.

sion. Whether equality betwean andn is a general prop-
erty of marine sediments is a question that will be resolved

Y . _q M. J. Buckingham, “Theory of acoustic attenuation, dispersion and pulse
O_nly as more e_Xpe”memal eV'd?nce on shear and Compr(':'s'propagation in granular materials including marine sediments,” J. Acoust.
sional attenuation becomes available. Soc. Am.102, 2579-25961997).

10
10

monotonically with increasing particle size, from a value of
15 for clay (Ug~1um) to 4 for coarse sand uf
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