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The phase speed and attenuation of the interface wave at the seawater–sediment boundary are
obtained by solving the characteristic equation for one of its complex roots. The characteristic
equation itself is derived on the basis of a recently developed theory of wave propagation in porous
media. Central to the theory is the stress relaxation that occurs when mineral grains slide against one
another during the passage of a seismic wave. This type of stress relaxation is characterized by
material response functions for compressional and shear waves of the formh(t)}t2n, wheret is
time since the sliding began andn is a small positive number. The phase speed of the interface wave
relative to that of the shear wave depends weakly on the grain size, increasing from about 85% for
fine-grained silts and clays to 90% for coarse sands. The loss tangent of the interface wave,b i , is
found to be independent of the mechanical properties~grain size, porosity, and density! of the
sediment, and is the same as that for the shear wave:b i'0.04. Since the loss tangent and phase
speed are, in effect, independent of frequency, the attenuation coefficient of the interface wave
scales as the first power of frequency. It turns out that the characteristic equation for the interface
wave, as derived from the intergranular stress-relaxation mechanism, is exactly the same as if the
sediment had been treated as an elastic solid. However, the elastic description fails to account for the
grain-size dependencies exhibited by the compressional and shear waves. These dependencies
emerge naturally from the stress-relaxation model. ©1999 Acoustical Society of America.
@S0001-4966~99!00710-9#
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LIST OF SYMBOLS

j A21
cp compressional wave speed in sedime
cs shear wave speed in sediment
c0 compressional wave speed in sedime

in absence of intergranular stress rela
ation

cw compressional wave speed in water c
umn

ci interface wave speed
hh coefficient of shear stress relaxation
lh coefficient of compressional stress r

laxation
mc compressional stress-relaxation rigidi

modulus
ms shear stress-relaxation rigidity modulu
v angular frequency
k05v/c0 compressional wave number in sed

ment in absence of intergranular stre
relaxation

k5v/cp compressional wave number in sed
ment

ks5v/cs shear wave number in sediment
kw5v/cw compressional wave number in seaw

ter
p horizontal wave number
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s5ks
2/p2 dimensionless variable in characterist

equation
h5Ak22p2 vertical compressional wave number

sediment
hs5Aks

22p2 vertical shear wave number in sedime
hw5Akw

2 2p2 vertical compressional wave number
seawater

t time
h(t) compressional material response fun

tion
hs(t) shear material response function
H( j v) Fourier transform ofh(t)
Hs( j v) Fourier transform ofhs(t)
cw velocity potential, compressional wav

in water column
c velocity potential, compressional wav

in sediment
cs velocity potential, shear wave in sed

ment
n exponent of compressional material r

sponse function (0,n,1)
m exponent of shear material respon

function (0,m,1)
ug mean grain diameter, micrometers
r0 density of sediment
rw51024 kg/m3 density of seawater
rg52700 kg/m3 density of mineral grains
b5rw /r0 density ratio
k0 bulk modulus of sediment

,
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kw52.253109 Pa bulk modulus of seawater
kg51.4731010Pa bulk modulus of mineral grains
D53 mm rms grain roughness
u051000mm reference grain diameter
m0523109 Pa compressional stress-relaxation scal

modulus
m155.13107 Pa shear stress-relaxation scaling modul
N porosity of sediment
P50.63 packing factor of randomly packed, un

form spheres

INTRODUCTION

In a recent series of papers, Buckingham1–4 has devel-
oped a theory of seismic wave propagation in unconsolida
and consolidated saturated granular media. Central to
theory are material response~or memory! functions of the
form h(t)}t2n, where the indexn is positive and much les
than unity. This type of material response function represe
a particular form of stress relaxation, proposed as aris
from the microscopic sliding that occurs at grain-to-gra
contacts during the passage of a wave through the med
According to the theory, the stress relaxation introduces
gidity into the medium,2 which allows shear waves to propa
gate even though the elastic rigidity~or ‘‘frame’’ ! modulus
of the material is taken to be identically zero. Moreover,
predicted seismic-wave attenuation is proportional to the
power of frequency, which is consistent with the measu
attenuation of compressional and shear waves in both un
solidated marine sediments5–8 and consolidated, sedimenta
rocks such as sandstone or limestone.9

A material that supports shear, whether associated w
elasticity or stress relaxation, may also be expected to s
port an interface wave. The speed and attenuation of
interface wave will be governed by a characteristic equa
that is determined from the boundary conditions. The p
pose of this article is to derive the characteristic equation
an interface wave propagating along the boundary betw
an unconsolidated, porous sediment of the type discusse
Buckingham1–4 and an overlying fluid~seawater!. Complex
solutions of this equation are developed which yield the
terface wave speed and the attenuation coefficient.

Before proceeding with the discussion, it is appropri
to address a question of semantics. By the term ‘‘interf
wave,’’ we mean the classical type of evanescent surf
wave that propagates along the boundary between a ho
geneous solid and:~1! a vacuum~Rayleigh wave!; or ~2! a
fluid ~Scholte wave!; or ~3! another solid~Stoneley wave!.
Such waves exist when the solid supports shear through
ticity. When the shear arises from stress relaxation ra
than from elasticity, as is taken to be the case for the gran
media considered below, the interface wave will be identifi
by the prefix ‘‘pseudo.’’ Thus, at the seawater–sedim
boundary we shall refer to the ‘‘pseudo-Scholte’’ wave. Th
usage is not to be confused with terms such as ‘‘pseu
Rayleigh’’ wave used by some authors10 in connection with
an interface wave seen at the boundary between an el
solid and a thin layer of fluid.

Following Buckingham,1–4 it is assumed in deriving the
1695 J. Acoust. Soc. Am., Vol. 106, No. 4, Pt. 1, October 1999 Mic
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characteristic equation that the unconsolidated sediment
sesses no elastic frame; that is to say, the elastic modulu
the material is taken to be zero. Stress relaxation, aris
from grain-to-grain sliding, as discussed by Buckingham,4 is
considered to be the mechanism that gives rise to shear,
sipation, and the existence of the interface wave. The c
acteristic equation itself is a function of the variables, which
is defined as the ratio of the complex wave number of
shear wave to the complex wave number of the interf
wave. Underpinning the analysis are the usual boundary c
ditions; that is, continuity of total stress and of normal co
ponent of particle velocity across the seawater–sedimen
terface. In the absence of attenuation in the granular med
one root of the characteristic equation would be real. T
root becomes complex when attenuation is included in
analysis. The attenuation coefficient and the phase spee
the pseudo-Scholte wave are derived by solving the cha
teristic equation for this complex root. As with the attenu
tion of the compressional and shear waves, the attenua
coefficient of the interface wave is found to scale linea
with frequency. Although experimental data on the atten
tion of interface waves in marine sediments are scarce
comparison is made with the few data sets that are availa
from which it is evident that the theoretically predicted a
tenuation is consistent with the observations.

I. WAVE EQUATIONS AND MATERIAL RESPONSE
FUNCTIONS

Figure 1 illustrates the geometry of the problem. A ho
zontal boundary representing the seafloor separates two
nite, homogeneous, isotropic half spaces, the lower being
unconsolidated sediment consisting of mineral grains and
terstitial seawater and the upper a conventional fluid, in t
case seawater. An impulse of momentum~e.g., a hammer
blow! is applied at a point on the seabed. The resultant w

FIG. 1. Schematic showing the geometry of the fluid–sediment interf
problem.
1695hael J. Buckingham: Of interface wave speed and attenuation
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fields in both media are to be determined subject to the
quirements that the stress and the normal component of
ticle velocity should be continuous across the interface.

The equation to be solved for the compressional w
field in the ~assumed lossless! fluid above the boundary is

¹2Cw2
1

cw
2

]2Cw

]t2 50, ~1!

where¹2 is the Laplacian,Cw is the velocity potential, and
cw is the phase speed in the fluid~seawater! medium. The
equations for the compressional and shear wave in the
consolidated sediment have been derived by Buckingh4

by considering the stress tensor characterizing the stres
laxation arising from a microscopic, grain-to-grain slidin
process in which the interaction becomes ‘‘harder’’ as
sliding progresses. For the compressional wave, the resu
equation is

¹2c2
1

c0
2

]2c

]t2 1
lh

r0c0
2

]

]t
¹2 @h~ t ! ^ c#

1
~4/3!hh

r0c0
2

]

]t
¹2@hs~ t ! ^ c#50, ~2!

and for the shear wave,

hh

r0
¹2@hs~ t ! ^ cs#2

]cs

]t
50, ~3!

wherec, cs are the velocity potentials of the compression
and shear wave, respectively,c0 is the compressional wav
speed in the limit of low frequency,ro is the bulk density of
the sediment, and the symbol̂ denotes a temporal convo
lution. The coefficientslh and hh are analogs of the bulk
and shear viscosities, respectively, of a conventional visc
fluid. In the case of the granular sediment, these coefficie
represent the effect of the slippage that occurs when gr
either slide against one another (hh) or are compressed to
gether (lh). The convolution operations in Eqs.~2! and ~3!
allow for the fact that the stress and the strain rate associ
with grain-to-grain sliding are, in general, out of phase~un-
like the case of a viscous fluid, where, according to Newto
law of viscous flow for streamline motion, the stress is p
portional to the strain rate!. The material response function
for the compressional and shear wave, respectively, are

h~ t !5u~ t !
t0
n21

tn , 0,n,1, ~4!

and

hs~ t !5u~ t !
t1
m21

tm , 0,m,1, ~5!

where the unit step function,u(t), ensures that response
the medium is causal. These fractional-power functions w
originally used by Nutting11 to represent empirically the
stress relaxation observed in plastic materials. Equations~4!
and ~5! have recently been derived by Buckingham4 on the
basis of a slip mechanism in which the grain-to-grain slid
becomes harder as the process progresses~i.e., the coefficient
1696 J. Acoust. Soc. Am., Vol. 106, No. 4, Pt. 1, October 1999 Mic
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of the equivalent dashpot representing the grain-to-grain
teraction increases with increasing time!.

By Fourier transforming Eqs.~1! to ~3! with respect to
time, the corresponding reduced wave equations are
tained:

¹2Cw1
v2

cw
2 Cw50, ~6!

¹2C1
v2

c0
2 C1 j v

1

r0c0
2 H l fH~ j v!1

4

3
h fHs~ j v!J ¹2C50,

~7!

and

h f

r0
Hs~ j v!¹2Cs2 j vCs50, ~8!

wherev is angular frequency and the upper-case symb
Cw , C, and Cs , are the Fourier transforms of the corr
sponding lower-case velocity potentials. The Fouri
transformed material response functions are

H~ j v!5
G~12n!

~ j vt0!12n , ~9!

and

Hs~ j v!5
G~12m!

~ j vt1!12m . ~10!

As discussed by Buckingham,2 when Eqs.~9! and ~10!
are substituted into Eqs.~7! and~8!, the reduced wave equa
tions for the sediment become

¹2C1
v2

c0
2q2 C50, ~11!

and

¹2Cs1
v2

c0
2qs

2 Cs50, ~12!

where

q5F11
j v

r0c0
2 H lhH~ j v!1

4

3
hhHs~ j v!J G1/2

5F11
mc

r0c0
2 ~ j vt0!n1

4ms

3r0c0
2 ~ j vt1!mG1/2

~13a!

and

qs5F j v

r0c0
2 hhHs~ j v!G1/2

5F ms

r0c0
2 ~ j vt1!Gm/2

. ~13b!

In these expressions,

mc5lh

G~12n!

t0
~14!

and

ms5hh

G~12m!

t1
. ~15!

In effect,mc andms are stress-relaxation rigidity moduli fo
the sediment. They represent the stiffness introduced by
1696hael J. Buckingham: Of interface wave speed and attenuation
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intergranular sliding that occurs when grains are either co
pressed together (mc) or translated relative to one anoth
(ms). These two sliding processes, that is, compressional
translational, have been described in detail by Buckingha4

II. BOUNDARY CONDITIONS

Across the boundary between the sediment and the o
lying seawater, the normal and tangential components
stress and the normal component of particle velocity mus
be continuous. Since the upper medium is a fluid, which
incapable of supporting shear, the tangential componen
the stress at the boundary is zero. To derive the bound
conditions, we consider first the stress tensor for the s
ment.

It is implicit in the formulation of Eqs.~2! and ~3! that
the elements of the stress tensor for the sediment can
expressed in the form4

t i j 5$p2lh@h~ t ! ^ vI #1 2
3 hh div@hs~ t ! ^ vI #%

2hhFhs~ t ! ^ H ]v i

]xj
1

]v j

]xi
J G , ~16!

whered i j is the Kronecker delta andp is the acoustic pres
sure fluctuation. This expression is the same as that fo
viscous, compressible fluid,12 except for the presence of th
convolution operations involving the material response fu
tions h(t) and hS(t). Obviously, if these two material re
sponse functions were delta functions, Eq.~16! would be
identical to the expression for the stress in a viscous fl
~since a function convolved with a delta function is the fun
tion itself!. The normal stress and the tangential stress
given by Eq. ~16!, must both be continuous across t
sediment–seawater boundary.

Proceeding in standard fashion, the vector field,vI , is
expressed from Helmholtz’s theorem13 as the sum of the gra
dient of a scalar~velocity! potential C and the curl of a
zero-divergence vector potentialAI as follows:

vI 5gradc1curlA, where divA50. ~17!

From the cylindrical symmetry of the problem, the ve
tor potential may be expressed in cylindrical coordinates

A52
]Cs

]r
eI f , ~18!

where eI f is the unit azimuthal vector. By combining Eq
~16! to ~18!, the normal component of the stress at t
boundary, in the frequency domain and in cylindrical co
dinates, is found to be

Tzzuz5052 j vr0C12hhHs

3F1

r

]

]r S r
]C

]r D1
1

r

]2

]r ]z S r
]Cs

]r D G
52S

d~r !

2pr
2 j vrwCw , ~19!

whereS in the first term on the far right represents the im
pulse of momentum applied at the surface of the sedim
and the second term is the pressure in the water colu
1697 J. Acoust. Soc. Am., Vol. 106, No. 4, Pt. 1, October 1999 Mic
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immediately above the bottom. Similarly, the tangent
stress at the interface is

Trzuz5052hhHs

]

]r F2
]C

]z
12

]2Cs

]z2 1ks
2CsG50, ~20!

where

ks5
v

c0qs
~21!

is the complex wave number of the shear wave.
In deriving Eqs.~19! and~20!, the following expressions

for the Fourier-transformed radial (Vr) and normal (Vz) par-
ticle velocities in the sediment have been used:

Vr5
]C

]r
1

]2Cs

]r ]z
~22!

and

Vz5
]C

]z
2

1

r

]

]r S r
]Cs

]r D . ~23!

Equations~22! and ~23! are familiar forms,14 which are de-
rived directly from Eqs.~17! and ~18!. It follows from Eq.
~23! that continuity of the normal component of veloci
across the bottom interface requires that

]C

]z
2

1

r

]

]r S r
]Cs

]r D5
]Cw

]z
at z50. ~24!

The reduced wave equations in the preceding sect
Eqs.~6!, ~11!, and~12!, are now to be solved subject to th
boundary conditions expressed in Eqs.~19!, ~20!, and~24!.

III. THE CHARACTERISTIC EQUATION

When a Hankel transform of order zero is applied ov
horizontal range,r, to the three wave equations@Eqs. ~6!,
~11!, and~12!#, each reduces to an ordinary differential equ
tion in which the independent variable is the depth coor
nate,z

]2Cwp

]z2 1hw
2 C1p50, ~25!

]2Cp

]z2 1h2Cp50, ~26!

and

]2Csp

]z2 1hs
2Csp50, ~27!

where

hw5Akw
2 2p2, imag~hw!.0, ~28!

h5Ak22p2, imag~h!.0, ~29!

and

hs5Aks
22p2, imag~hs!.0. ~30!

The wave numbers in these expressions arekw5v/cw , k
5k0 /q, andks5k0 /qs , wherek05v/c0 , the Hankel trans-
form variable,p, is the horizontal wave number, and th
1697hael J. Buckingham: Of interface wave speed and attenuation
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subscriptp indicates that the associated wave function i
Hankel transform. Forz increasing downwards, the solution
of Eqs.~25!–~27! are

Cwp5Bw exp~2 j hwz!, ~31!

Cp5B exp~ j hz!, ~32!

and

Csp5Bs exp~ j hsz!, ~33!

where the sign of each exponent has been chosen to en
that the associated field goes to zero infinitely far from
interface and the threeB coefficients are constants of inte
gration which are to be determined from the boundary c
ditions.

When the condition in Eq.~19! on the normal stress a
the boundary is Hankel transformed over range, it reduce

~ j vr012hhp2Hs!B12 j hshhp2HsBs5
S

4p
1 j vrwBw ,

~34!

where the expressions in Eqs.~31! to ~33! have been substi
tuted for the various field terms. Similarly, on Hankel tran
forming the condition on the tangential stress in Eq.~20!, the
result

2 j hB22hs
2Bs1ks

2Bs50 ~35!

is obtained. In fact, to derive this expression a Hankel tra
form of first order was applied to Eq.~20!, since the first-
order transform of the derivative of a function is equivale
to the zero-order transform of the function itself. Finally, t
third of the boundary conditions, on the normal compon
of velocity in Eq. ~24!, yields, after a zero-order Hanke
transform,

j hB1p2Bs52 j hwBw . ~36!

Equations~34!–~36! are a set of simultaneous equatio
that may be solved for the coefficientsB, Bw , andBs . The
results are as follows:

B5
S

4p

~2hs
22ks

2!

D
, ~37!

Bs5
S

4p

2 j h

D
, ~38!

and

Bw52
S

4p

h

hwD
@2hs

22ks
212p2#. ~39!

The termD appearing in the denominator of each of the
expressions is

D5S j vr012hhp2Hs1 j vrw

h

hw
D ~2hs

22ks
2!

24hhshhp2Hs12 j vrwp2
h

hw
. ~40!

Thus, D is a function ofp, the integration variable of the
inverse Hankel transform that must be applied to Eqs.~31!–
~33! in order to obtain the frequency-domain velocity pote
1698 J. Acoust. Soc. Am., Vol. 106, No. 4, Pt. 1, October 1999 Mic
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tial in the water column and the compressional and sh
fields in the sediment.A zero ofD corresponds to a pole in
the complexp-plane and one of these poles represents
interface wave propagating along the water–sedim
boundary. Notice thatD does not depend on the bulk mat
rial response function,H.

To investigate the pole representing the interface wa
it is necessary to find the corresponding~complex! root of D,
that is, to solve the characteristic equation

D50. ~41!

It is convenient to make the substitution

u252
j vr0

hhHs
5

v2r0t0

hhG~12m!~ j vt1!m , ~42!

in which case the characteristic equation can be expresse

~2p22u2!~ks
222p2!

1
j vrwAk22p2

hhHsAkw
2 2p2

ks
224p2Ak22p2Aks

22p250, ~43!

whereb is the density ratio

b5
rw

r0
,1. ~44!

Equation~43! may be further simplified by letting

x5
k2

ks
2 , ~45a!

y5
u2

ks
2 51, ~45b!

and

w5
kw

2

ks
2 , ~45c!

to obtain

4A12xsA12s2~s22!~sy22!2bs2yA12xs

12ws
50, ~46!

which, sincey is identically equal to unity, is equivalent to

4A12xsA12s2~s22!22bs2A12xs

12ws
50. ~47!

The variables, as defined in Eq.~45a!, is a measure of
the ~complex! interface wave speed relative to the~complex!
shear wave speed in the sediment. Before solving fors, it is
worth commenting that the characteristic equation in E
~47! is identical in form to that for an elastic solid overla
by a fluid.15 In other words, the characteristic equation f
the pseudo-Scholte wave in Eq.~47! is exactly the same a
the corresponding equation for a true Scholte wave,16 even
though the underlying physical mechanisms giving rise
the two types of interface wave are completely differe
Notice that for the special case whenb50, representing the
situation where the fluid medium is a vacuum, Eq.~47! re-
1698hael J. Buckingham: Of interface wave speed and attenuation
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duces identically to the characteristic equation for a Rayle
wave.

IV. COMPLEX-ROOT FINDING

In the absence of attenuation, all the parameters in
~47! are real, a real solution fors exists which is positive and
less than unity and which may be found using an iterat
Newton–Raphson procedure. This real root yields the ph
speed of the interface wave relative to the shear-wave sp
When attenuation in the sediment is present, however,
required root becomes complex, in which case the Newto
Raphson algorithm cannot be applied directly, indicating t
some alternative method must be employed.

Rather than turn to a complex-root-finding algorithm,
approximate approach is introduced here, which is based
the observation that, for unconsolidated marine sedime
the imaginary parts of all the complex variables in Eq.~47!
are very much smaller than the corresponding real parts
dicating the real and imaginary parts by single and dou
primes, respectively, we have

s5s81 js9, s9!s8, ~48a!

x5x81 jx9, x9!x8, ~48b!

and

w5w81 jw9, w9!w8. ~48c!

Similarly, the characteristic equation may be written as

D5D81 jD 950, ~49!

which is satisfied only if the real (D8) and imaginary (D9)
parts are individually equal to zero.

When the expressions in Eqs.~48! are substituted into
Eq. ~47!, we find thatD8 and D9 are, to first order in the
small imaginary terms, as follows:

D854A12x8s8A12s82~s822!22bs82A12x8s8

12w8s8
50

~50a!

and

D952As92B50, ~50b!

where

A52x8
A12s8

A12x8s8
12

A12x8s8

A12s8
12~s822!2

12bs8A12x8s8

12w8s8
2

bs82x8

2A12w8s8A12x8s8

1
bs82w8A12x8s8

2~12w8s8!3/2 ~50c!

and

B52x9s8
A12s8

A12x8s8
2

bs83x9

2A12w8s8A12x8s8

1
bs83w9A12x8s8

2~12w8s8!3/2 . ~50d!
1699 J. Acoust. Soc. Am., Vol. 106, No. 4, Pt. 1, October 1999 Mic
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Obviously, from Eq.~50b! the solution for the imaginary par
of s is

s952
B

A
. ~51!

Equation~50a! is simply the characteristic equation th
holds in the absence of attenuation. It may be solved num
cally for the real root,s8, which lies between zero and unity
using a standard, iterative Newton–Raphson proced
Onces8 has been determined in this way, the imaginary p
of s may be evaluated from Eq.~51!, since all the terms inA
andB are then known. Thus, Eqs.~50a! and ~51! provide a
means of solving fors8 and s9, from which the interface
wave speed and attenuation may be determined.

V. INTERFACE WAVE SPEED AND ATTENUATION

From Eq.~45a!, the ~complex! wave number of the in-
terface wave is

p5
ks

As
5

v

coqsAs
, ~52!

whereqs is given by Eq.~13b!. Now, p can be expressed in
the form

p5
v

ci
~12 j b i !, ~53!

whereci and b i are, respectively, the phase speed and
loss tangent of the interface wave. On comparing Eqs.~52!
and ~53!, it follows that

1

ci
5

1

co
ReF 1

qsAs
G5ReA ro

mss~ j vt1!m ~54!

and

b i52
ci

co
ImF 1

qsAs
G52ci ImF ro

mss~ j vt1!mG1/2

. ~55!

As m!1 ands9!s8, Eq. ~54! may be approximated a
follows:

ci'Ams

ro
s8'csAs8, ~56!

wherecs is the speed of the shear wave in the granular m
dium

1

cs
5

1

c0
ReF 1

qs
G'Aro

ms
. ~57!

Similarly, the loss tangent in Eq.~55! approximates to

b i'
s9

2s8
1

mp

4
, ~58!

and obviously the attenuation coefficient,a i , of the interface
wave can be calculated from Eqs.~57! and ~58!, since

a i5
uvub i

ci
. ~59!
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VI. GRAIN-SIZE DEPENDENCIES

It is evident from Eqs.~56!–~59! that the wave proper
ties of the interface wave depend onmc and ms , both of
which vary with the grain size. The functional forms of the
grain-size dependencies have been developed
Buckingham1,2 on the basis of the Hertz theory of elast
spheres pressed together in contact.17 The properties of the
interface wave also depend onc0 , the wave speed in the
sediment in the limit of low frequency, and on the sedime
densityr0 . Both c0 andr0 are functions of the porosity,N,
which itself depends on the grain size, as discussed by B
ingham on the basis of a random-packing model of rou
spheres in contact. Since these grain-size dependencies
been established in the cited papers, they are not redevel
here, instead, the results are simply stated.

The stress-relaxation rigidity moduli increase with gra
size, as given by the following fractional-power relationsh

mc5m0S ug

u0
D 1/3

~60!

and

ms5m1S ug

u0
D 2/3

, ~61!

wherem0523109 Pa,m155.13107 Pa,u051000mm, and
ug is the mean grain diameter in micrometers. For coa
sand, with a grain diameterug'700mm, and for all finer
marine sediments,mc@ms . As an example, a medium san
with ug'400mm shows mc'1.53109 Pa and ms'2.8
3107 Pa, a difference of almost two orders of magnitude

The porosity of the sediment, as given by the rando
packing model of rough, spherical particles in contact is

N512PH ug12D

ug14DJ 3

, ~62!

where P50.63 is the packing factor of a random arrang
ment of smooth spheres,18 andD is the rms roughness of th
grains, as measured about the mean surface of a partic
value of D53 mm, independent of grain size, provides
reasonable description of surficial, unimodal, sandy se
ments.

The density,r0 , and bulk modulus,k0 , of the sediment
are given by the following weighted means:

r05Nrw1~12N!rg ~63!

and

1

k0
5N

1

kw
1~12N!

1

kg
, ~64!

where the densities and bulk moduli of the constitutive m
eral grains and seawater are:rg52700 kg/m3, kg51.47
31010Pa, rw51024 kg/m3, and kw52.253109 Pa. The
sound speed in the absence of intergranular stress relax
is therefore

c05Ak0

r0
5A kwkg

@Nrw1~12N!rg#@Nkg1~12N!kw#
,

~65!
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which is just Wood’s equation19 for the sound speed in a
two-phase medium. In effect,c0 is the sound speed in th
sediment that would be observed if the medium were a s
pension, with no interaction between the grains.

Based on Eqs.~56! and ~57!, in conjunction with the
expressions given above, the grain-size dependenciesci

and cs are shown in Fig. 2, and the ratio ofci to cs as a
function of the grain diameter is plotted in Fig. 3. It is ev
dent from Fig. 3 that the ratioci /cs depends only weakly on
grain size, increasing by about 5%, from 85% to 90%, o
the three decades of grain diameter between 1 and 1000
crometers.

From the attenuation of shear waves in medium sa
~with grain diameters between 350 and 380mm!, as mea-
sured under laboratory conditions by Brunson and Johns7

and Brunson,8 Buckingham2 has estimated thatm'0.05.

FIG. 2. Wave speeds as a function of grain size. The symbols at the to
the graph denote very fine sand~vfs!, fine sand~fs!, medium sand~ms!, and
coarse sand~cs!.

FIG. 3. Interface wave speed relative to shear wave speed as a functi
grain size. The variation in the curve arises entirely from the density ratiob,
between the water column and the sediment, which varies with grain s
The key to the symbols at the top of the graph is given in the legend
Fig. 2.
1700hael J. Buckingham: Of interface wave speed and attenuation
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With this value for the shear material response indexm, it
turns out, as shown in Fig. 4, that the ratios9/2s8 is negli-
gible compared with the last term in Eq.~57!; that is,

b i'
mp

4
. ~66!

Evidently, to this degree of approximation, the loss tang
of the interface wave is equal to the loss tangent of the sh
wave.2 Both loss tangents scale withm, the material respons
index for shear, but are essentially independent of the
maining sediment parameters~e.g., the grain size, density
and porosity!. With m50.05, the value of the loss tange
for the pseudo-Scholte wave from Eq.~66! is b i'0.04. In-
cidentally, the value of the material response index for co
pressional waves isn'0.05, as estimated by Buckingham1

from comparison with attenuation data for unconsolida
marine sediments reported by Hamilton.5 It would seem from
these estimates that, tentatively, we havem'n.

The attenuation coefficient,a i , of the interface wave
may now be computed directly from Eq.~59!. Sinceb i and
ci are independent of frequency, at least to the level of
proximation in Eqs.~56! and~66!, the attenuation coefficien
of the interface wave is directly proportional to frequenc
This is the same type of frequency dependence exhibited
the attenuation coefficient of the compressional wave and
shear wave. Note thata i depends on the grain size primari
through the phase speedci , which is a function of the stress
relaxation modulusms , as given in Eq.~61!.

Figure 5 shows the attenuation coefficient,a i , as a
function of grain size for a frequency of 1 Hz, comput
using the expressions in Eqs.~56!, ~57!, ~59!, and~66!. The
material response index has been taken asm50.05, since
this value is consistent with measurements of the shea
tenuation in sands,1,2 as discussed above. Note that the
tenuation of the pseudo-Scholte wave in Fig. 5 is highes
the fine-grained materials and decays monotonically with
creasing grain size, a dependence that arises almost en
from the increase of phase speed,ci , with grain size. This

FIG. 4. Ratio of the imaginary to real part ofs as a function of grain size
The key to the symbols at the top of the graph is given in the legen
Fig. 2.
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increase in phase speed,ci , and the reduction in attenuation
a i , with increasing grain size are indicative of the high
stiffness exhibited by the coarser-grained materials.

VII. COMPARISON WITH INTERFACE-WAVE
ATTENUATION DATA

A number of experiments on the interface wave prop
gating along the seawater–sediment boundary have bee
ported in the literature.20–34 In many of these experiments
the frequency of the interface wave was well below 10 H
implying that the evanescent tail of the wave penetrated s
eral tens of meters into the sediment, where the strong sh
speed gradient introduced significant dispersion. The p
ence of this type of dispersion makes it difficult to compa
these measurements of wave speed and attenuation wit
predictions of the theory@Eqs.~56! and~59!#, since the latter
apply to the case of a homogeneous, isotropic sedimen
which the compressional speed and shear speed show
dispersion associated with wave speed profiles.

Two groups of investigators,20,29however, have reported
observations of the phase speed and attenuation of inter
waves with a frequency of 20 Hz or greater, where the
fects of profile-related dispersion are rather less pronoun
~see Fig. 4 in Ref. 29!. Both groups used a line of seismom
eters on a sandy seabed to detect the signals generated
explosive or vibrating source placed close to the end of
line. Propagation ranges were of the order of several me
Table I lists some of the details of these experiments, incl
ing the frequency of the interface wave, the observed w
speed, and the measured attenuation coefficient, which
been converted to the equivalent loss tangent. Notice tha
three measured loss tangents all agree, within the limits
experimental error, with the theoretical value,b i'0.04, de-
rived above for the pseudo-Scholte wave.

In similar experiments conducted by Hamiltonet al.,23

broadband sources~electrical detonators! were used to gen-
erate interface waves in various types of marine sedim
No attenuation data for the interface waves were repo

to
FIG. 5. Attenuation coefficient,a i , as a function of grain size. The key t
the symbols at the top of the graph is given in the legend to Fig. 2.
1701hael J. Buckingham: Of interface wave speed and attenuation
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TABLE I. Measured phase speed and attenuation of the interface wave in sandy sediments.

Investigators
Sediment

type
Frequency

~Hz!
Phase speed

~m/s!
Attenuation

~dB/m!
Loss tangent

~b!

Buckeret al. ~Ref. 20! sand 20 90 0.3360.16 0.02760.013
Buckeret al. ~Ref. 20! sand 25 172 0.260.13 0.02560.017
Holt et al. ~Ref. 29! sand 35 120 0.660.2 0.03860.012
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directly, but it was observed by these authors that ‘‘Most
the spectral energy of the Stoneley waves was at frequen
less than 100 Hz...’’ over propagation path lengths of
order of several meters. This limited bandwidth may be
terpreted in terms of the expression for the attenuation of
pseudo-Scholte wave in Eq.~59!, as discussed below.

Defining the cutoff in the detected signal by th
e-folding frequency,f e , at which the product of the attenu
ation coefficient,a i , and the range,r, is equal to unity, it
follows from Eq.~59! that

f c5
ci

2prb i
. ~67!

At the Tower site used by Hamiltonet al.,23 the range be-
tween the source and the farthest receiver wasr 514.3 m,
and the sediment was medium sand with a measured in
face wave speed ofci5170 m/s. Thus, withb i'0.04, the
e-folding frequency from Eq.~67! is f e'47.3 Hz, which is
consistent with the restricted bandwidths observed in the
periment. Similarly, for the other five sites investigated
Hamilton et al.,23 where the maximum source–receiv
range was 6.3 m, thee-folding frequencies are f e

556.2(89), 59.4~94!, 48~76!, 84~133!, and 77.7~123! Hz.
The numbers in parentheses are the reported interface w
speeds in m/s. Again, thesee-folding frequencies are all les
than 100 Hz, suggesting that attenuation in the sediment
largely responsible for the restricted bandwidths observe
these experiments.

VIII. CONCLUDING REMARKS

The characteristic equation for the interface~pseudo-
Scholte! wave at the seawater–sediment boundary has b
derived on the assumption that stress relaxation in the s
ment arises at grain boundary contacts. The particular typ
stress relaxation considered is characterized by materia
sponse functions of the formh(t)}t2n, wheren is positive
but small compared with unity. Since the sediment is a d
sipative medium, the required root of the characteristic eq
tion is complex, and this root yields the phase speed and
attenuation of the interface wave. To solve for this comp
root, an approximate technique is introduced in which
characteristic equation is split into two separate equatio
one of which can be solved numerically for the real part
the root. Once the real part has been obtained, it may
substituted into the second equation, which then yields
imaginary part directly. An essential requirement of th
technique is that the imaginary parts of all the complex va
ables in the characteristic equation must be very m
smaller than the corresponding real parts, a condition tha
easily satisfied by unconsolidated marine sediments.
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The phase speed of the interface wave turns out to
weakly dependent on grain size, taking a value between 8
and 90% of the shear wave speed. In fact, the interface w
speed relative to the shear wave speed is the same as
sediment were an elastic solid of the same density. In o
words, Eq.~56! is identical to the relationship between th
shear wave speed and the interface wave speed in an e
medium. This is an important observation, because a num
of authors, including Hamiltonet al.,23 have performed mea
surements of the interface wave speed from which they c
puted the shear wave speed on the assumption that the
bed was an elastic solid. Their results would have remai
unchanged if they had used the expression in Eq.~56!, de-
rived from the stress-relaxation theory, to compute the sh
wave speed. This is not to say that a marine sediment a
ally acts as an elastic solid. The elastic description fails o
number of counts, including the fact that it does not yield t
grain-size dependencies exhibited by the compressional
shear wave speeds.4

The attenuation coefficient of the pseudo-Scholte wa
that emerges from the stress-relaxation analysis is pro
tional to the first power of frequency. The corresponding lo
tangent is thus independent of frequency, and its value tu
out to be essentially the same as that predicted for the s
wave in the sediment. Little information on the attenuati
of interface waves in marine sediments is available in
literature, at least for frequencies where dispersion due
shear speed profile is negligible, but, within the limits
experimental error, the data that have been reported ar
agreement with the theoretically derived attenuation coe
cient. Moreover, the spectral content of interface wave ar
als on the seabed, as observed by Hamiltonet al.,23 is con-
sistent with the predictions of the stress-relaxation theory

1M. J. Buckingham, ‘‘Theory of acoustic attenuation, dispersion, and pu
propagation in unconsolidated granular materials including marine s
ments,’’ J. Acoust. Soc. Am.102, 2579–2596~1997!.

2M. J. Buckingham, ‘‘Theory of compressional and shear waves in flu
like marine sediments,’’ J. Acoust. Soc. Am.103, 288–299~1998!.

3M. J. Buckingham, ‘‘Theory of compressional and transverse wave pro
gation in consolidated porous media,’’ J. Acoust. Soc. Am.106, 575–581
~1999!.

4M. J. Buckingham, ‘‘Wave propagation, stress relaxation, and gra
boundary interactions in saturated, unconsolidated marine sediments
Acoust. Soc. Am.~submitted!.

5E. L. Hamilton, ‘‘Compressional-wave attenuation in marine sediment
Geophysics37, 620–646~1972!.

6E. L. Hamilton, ‘‘Acoustic properties of sediments,’’ inAcoustics and the
Ocean Bottom~Consejo Superior de Investigacions Cientificas, Madr
~1987!, pp. 3–58.

7B. A. Brunson and R. K. Johnson, ‘‘Laboratory measurements of sh
wave attenuation in saturated sand,’’ J. Acoust. Soc. Am.68, 1371–1375
~1980!.

8B. A. Brunson, ‘‘Shear wave attenuation in unconsolidated laborat
1702hael J. Buckingham: Of interface wave speed and attenuation



ve
ri
T

he

1

I a

ar

to
.

eis

di

s

situ

ce

lte

face

ez
s.

s
aga-

of
-

the
’’ in

e

o-

ns
ts

in
sediments,’’ inShear Waves in Marine Sediments~Kluwer, Dordrecht,
1991!, pp. 141–147.
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