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A linear theory of wave propagation in saturated, unconsolidated granular materials, including
marine sediments, is developed in this article. Since the grains are unbonded, it is assumed that the
shear rigidity modulus of the medium is zero, implying the absence of a skeletal elastic frame. The
analysis is based on two types of shearing, translational and radial, which occur at grain contacts
during the passage of a wave. These shearing processes act as stress-relaxation mechanisms, which
tend to return the material to equilibrium after the application of a dynamic strain. The stress arising
from shearing is represented as a random stick-slip process, consisting of a random succession of
deterministic stress pulses. Each pulse is produced when micro-asperities on opposite surfaces of a
contact slide against each other. The quantity relevant to wave propagation is theaveragestress
from all the micro-sliding events, which is shown to be a temporal convolution between the
deterministic stress,h(t), from a single event and the probability,q(t), of an event occurring
between timest and t1dt. This probability is proportional to the velocity gradient normal to the
tangent plane of contact between grains. The pulse shape function,h(t), is derived by treating the
micro-sliding as a strain-hardening process, which yields an inverse-fractional-power-law
dependence on time. Based on two convolutions, one for the stress relaxation from translational and
the other from radial shearing, the Navier–Stokes equation for the granular medium is derived. In
a standard way, it is split into two equations representing compressional and shear wave
propagation. From these wave equations, algebraic expressions are derived for the wave speeds and
attenuations as functions of the porosity and frequency. Both wave speeds exhibit weak,
near-logarithmic dispersion, and the attenuations scale essentially as the first power of frequency. A
test of the theory shows that it is consistent with wave speed and attenuation data acquired recently
from a sandy sediment in the Gulf of Mexico during the SAX99 experiment. If dispersion is
neglected, the predicted expressions for the wave speeds reduce to forms which are exactly the same
as those in the empirical elastic model of a sediment proposed by Hamilton. On this basis, the
concept of a ‘‘skeletal elastic frame’’ is interpreted as an approximate, but not equivalent,
representation of the rigidity introduced by grain-to-grain interactions. ©2000 Acoustical Society
of America.@S0001-4966~00!01112-7#

PACS numbers: 43.30.Ma, 43.30.Xm@DLB#
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LIST OF SYMBOLS

a radius of circle of contact between grains
A vector potential
c0 compressional wave speed in equivalent susp

sion
cp compressional wave speed in saturated gran

medium
cs shear wave speed in saturated granular medi
d depth beneath seawater-sediment interface
d0 reference depth in sediment
D root-mean-square~r.m.s.! roughness of minera

grain
E spring constant in Maxwell element
Eg Young’s modulus of mineral grains
hp(t) radial ~compressional! material impulse respons

function ~MIRF!
Hp( j v) Fourier transform ofhp(t)
hs(t) translational~shear! material impulse respons

function ~MIRF!
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n-

ar

hs( j v) Fourier transform ofhs(t)
j A21
m translational~shear! stress-relaxation exponent
n radial ~compressional! stress-relaxation exponen
N porosity of granular medium
p(t) acoustic pressure
q(t) probability density function
t time
tp radial stress-relaxation time constant
ts translational stress-relaxation time constant
ug mean grain diameter
u0 reference grain diameter
v particle velocity
x,y,z Cartesian coordinates
ap attenuation coefficient of compressional wave

saturated granular medium
as attenuation coefficient of shear wave in satura

granular medium
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bp loss tangent of compressional wave in satura
granular medium

bs loss tangent of shear wave in saturated granu
medium

gp compressional rigidity coefficient
gs shear rigidity coefficient
Gp normalized compressional rigidity coefficient
Gs normalized shear rigidity coefficient
D density fluctuation
hs translational~shear! stress-relaxation coefficient
u strain-hardening coefficient
ug Poisson’s ratio for mineral grains
k0 bulk modulus of equivalent suspension
kg bulk modulus of mineral grains
kw bulk modulus of pore fluid

I. INTRODUCTION

In 1956 Biot published two distinguished papers1,2 on
the propagation of stress waves in a porous elastic solid
taining a compressible viscous fluid in the pore spaces.
example of such a material is a water-saturated sedimen
rock. The mineral grains in a rock are strongly bonded
gether to form an elastic matrix, or skeletal frame. Like a
other elastic solid, the consolidated skeletal frame ob
Hooke’s law. In fact, Biot begins his analysis with the stre
tensor for the Hookean elastic forces acting on the fra
Later in his development, two coefficients emerge, the fam
iar Lamé constants of elasticity theory. One of these, t
shear modulus, is a measure of the rigidity of the mediu
which supports the propagation of a rotational, or she
wave. Biot also showed that the relative motion between
pore fluid and the skeletal frame leads to two compressio
waves, designated dilatational waves of the first and sec
kind, or colloquially as the ‘‘fast’’ and ‘‘slow’’ wave. Usu-
ally the slow wave is very heavily attenuated, making it d
ficult to detect experimentally.

In a series of papers, culminating in a monograph,3 Bi-
ot’s theory has been adapted by Stoll in an attempt to
scribe wave propagation in a saturated, unconsolidated
rine sediment. Unlike a rock, the mineral particles in suc
sediment are unbonded. To some extent, the grains are
bile, and recent evidence indicates that, in dry sands at le
the packing arrangement evolves slowly in time due to
presence of a propagating wave.4 Moreover, the stresses i
an unconsolidated granular material under compression
pear to run through the medium along random pathwa
known as force chains.5 These pathways of high stress fo
low routes through the medium where the grains are in ti
contact. Elsewhere, the grains are looser and the stre
lower.

Such behavior indicates that, unlike a rock, the u
bonded mineral grains in an unconsolidated granular mate
do not form a macroscopic elastic skeletal frame. The
mary forces within the unconsolidated medium arise fr
grain-to-grain interactions. Such interactions give rise to
force chains. In the presence of a wave, grain-to-grain sh
ing occurs, driven by the velocity gradient across the gr
2797 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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lp radial ~compressional! stress-relaxation coeffi
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mp radial ~compressional! stress-relaxation modulus
ms translational~shear! stress-relaxation modulus
j0 residual viscosity of thin pore-fluid film betwee
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j(t) coefficient of strain-hardening dashpot in Ma

well element
rg density of mineral grains
r0 bulk density of saturated granular medium
rw density of pore fluid
s internal stress
x stress in Maxwell element
c scalar potential
v angular frequency
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contacts. In this sense, the unconsolidated granular med
is more like a viscous fluid, where the shear flow is driven
the velocity gradient normal to the flow, rather than an el
tic solid in which the stress-strain relationships are gover
by Hooke’s law.

If the material possesses no elastic skeletal frame,
Biot theory, including Stoll’s adaptations of it, does not pr
vide an appropriate theoretical basis for describing wa
propagation in an unconsolidated granular medium. An al
native approach is needed which addresses explicitly
forces associated with grain-to-grain shearing. Recen
such a treatment was developed by Buckingham and p
lished in two articles, hereafter referred to as I6 and II.7

Although the mathematical formalism describing wa
propagation in an unconsolidated sediment is established
and II, the treatment is inductive rather than deductive.
instance, the relationship presented in I and II between in
nal stress and rate of strain is not deduced from a spe
physical mechanism, and the general form of the Navie
Stokes equation used in the analysis is not derived in
original papers but is merely stated, largely by analogy w
wave propagation in a viscous fluid.

The purpose of the present article is to rectify these
ficiencies. Central to the argument is a stochastic treatm
of intergranular shearing, based on a random ‘‘stick-sli
process. Each ‘‘slip’’ is a microscopic, stress-relaxati
event between micro-asperities, which are separated b
very thin film of interstitial fluid~seawater!. Recent develop-
ments in tribology8 have established that thin aqueous film
less than about ten molecular diameters thick, exhibit an
fective viscosity which is considerably higher than the v
cosity of the bulk fluid and which increases rapidly as t
force compressing the contact grows. It is proposed that,
saturated granular medium, the viscosity of the lubricat
fluid film between micro-asperities increases as the
progresses, a phenomenon known as strain hardening.9 In a
granular medium, strain hardening makes a microsco
shearing event more difficult to sustain as the sliding con
ues.

The wave properties that derive from the random sti
slip, strain-hardening model are similar to those obser
experimentally in saturated marine sediments. Since rela
2797ingham: Wave propagation, unconsolidated marine sediments
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motion between the pore fluid and the mineral grains is
included in the model, only one dilatational wave emerg
from the theory~no slow wave is predicted!, and interest-
ingly, the new grain-shearing mechanism introduces rigid
into the medium, which weakly supports a rotational wa
Both the dilatational and the shear wave exhibit weak, ne
logarithmic dispersion and an attenuation that scales, o
many decades, essentially as the first power of frequenc

Before developing the model and deriving the propert
of the dilatational and the shear wave, some recent exp
mental observations on unconsolidated granular media
reviewed. As noted by Jaegeret al.,10 a ~dry! granular mate-
rial behaves differently from a solid, a liquid, and a gas, ev
though it may possess some of the properties of each. T
even suggest that it represents an additional state of matt
its own right. Similar comments could be made about a sa
rated unconsolidated granular material, not only in conn
tion with its mechanical behavior but also its wave prop
ties.

II. FORCE CHAINS

In a recent series of laboratory experiments on dry sa
Nagel and colleagues4,5,11–14found that granular media ex
hibit unique properties, most if not all of which are a res
of grain-to-grain interactions. In particular, they observ
that the stress in a sand pile tends to concentrate along
dom pathways passing through the points of contact betw
grains. By using a system of crossed polarizers, Liuet al.5

were able to visualize the elongated regions of relativ
high stress~see their Fig. 1!, which they refer to as force
chains.

Acoustic waves within the granular medium tend
propagate along the force chains. Since more than one f
chain may connect an acoustic source and receiver burie
the medium, interference may occur between waves pro
gating along each of the force-chain pathways, giving rise
a received signal that fluctuates strongly with changing
quency~as illustrated in Fig. 3 of Liu and Nagel4!. The ex-
perimental findings suggest that the contacts between m
eral grains are very fragile. A minuscule mechanic
disturbance to the arrangement of the grains causes a
stantial change in the level of the received signal, beha
that Nagel and co-authors attribute to the shifting of
packing structure, and hence the force chain pathways
response to a very small applied strain.

Even the presence of a propagating, small-amplitu
wave introduces sufficient strain to alter the medium on
microscopic level. As a result, the level of the received sig
from a single-frequency source slowly evolves in time, co
tinually making excursions about its average value as
wave itself modifies the random arrangement of the grain
the host material. This evolutionary behavior is illustrated
Fig. 1~a! of Liu and Nagel,4 which shows a time series, las
ing approximately 8 h, of the received signal level from
4-kHz, constant-amplitude source. Fluctuations in the le
of the signal arrival can be seen to occur over a wide ra
of time scales.

The continuous evolution of the amplitude fluctuatio
suggests that, during the passage of the wave, intergran
2798 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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shearing occurs continuously. Each microscopic grain
grain shearing event leads to a new realization of the m
dium, which differs almost imperceptibly from the previou
realization. Since the changes are cumulative, the pac
structure of the grains after a long transmission may be
nificantly different from the original arrangement. A sum
mary of the experiments and conclusions from Nagel’s gro
can be found in a recent article on waves in granular me
by Nagel and Jaeger.15

Variability in the wave properties of granular materia
is observed, not only in the laboratory, but also in wave d
collected from the seabed. Using their ISSAMS frame,16–18

Richardson and colleagues have performed numerousin situ
measurements of compressional and shear waves in un
solidated marine sediments. In one of their recent exp
ments in medium sand in the Gulf of Mexico, they observ
strong fluctuations19 in the received signal from a frequency
modulated~chirp! source. These fluctuations are much li
those seen in Liu and Nagel’s4 Fig. 3. As in the laboratory
experiments, interference between arrivals that propag
along two or more force-chain pathways would appear to
a plausible explanation for the origin of the fluctuations
the in situ measurements.

III. WAVE PROPERTIES OF UNCONSOLIDATED
SEDIMENTS

Spot-frequency measurements of wave attenuation
sediments exhibit considerable scatter, possibly due partl
the slow evolution of arrival amplitudes. Consequently, m
authors adopt a statistical approach when reporting atte
tion data. Thus Hamilton,20,21 Wood and Weston,22 and
Bjørnø,23 have reported measurements of the average att
ation of the compressional wave as a function of freque
in unconsolidated marine sediments. Over limited freque
ranges, they all found that the attenuation scales asf s, where
the indexs is close to unity.

This linear scaling with frequency is exemplified in Fi
1, which shows a compilation of compressional wave atte

FIG. 1. Compilation ofin situ data showing compressional wave attenuati
as a function of frequency in sands. The solid line is a least-squares fit
frequency power law to the data.
2798ingham: Wave propagation, unconsolidated marine sediments



u

s
ee
r
re

m

e

u
ts

ng
u

es

e
n
at
o

ar
on
a
it

f
ig
st

to
ch
vie

i
hi
1

le
re

o
te

d
a
t
n
p
fre
n

nt
an

tal
nts,

e
the

mi-
ith
and
ove-
ri-
id-

s
li-

on

us
by

as a
.

ation data for saturated sands. The data points in the fig
are from tables in Hamilton,20,21 Richardson,18 Ferlaet al.,24

and Rajan et al.,25 and from Fig. 4 in McCann and
McCann.26 All the data points in Fig. 1 were collectedin situ
and are representative of the sediment just beneath the
floor. No data from laboratory measurements, or from d
in the sediment, or from materials other than sand, appea
Fig. 1. The solid curve in Fig. 1 is a power-law, least-squa
fit to the data, which varies asf 0.992. The near-linear scaling
of the attenuation with frequency,f, is clearer in Fig. 1 than
in some of Hamilton’s plots, which superimpose data fro
all types of sediment~sands, silt/sands, silts, and clays!, data
takenin situ and under laboratory conditions, and data tak
at great and shallow depths.

In a recent survey article, Bowles,27 in his Fig. 1, plotted
a compilation of data showing compressional wave atten
tion as a function of frequency in fine-grained sedimen
mostly muds, clays, and turbidites. Over a frequency ra
extending from 10 Hz to 500 kHz he found that the atten
ation exhibits a near-linear scaling with frequency: his b
power-law fit to the data varies asf 1.12.

No published,in situ measurements are known on th
frequency dependence of the shear wave attenuatio
sands. Laboratory measurements of shear wave attenu
in a water-saturated medium sand, from Table II in Bruns
and Johnson,28 are shown in Fig. 2~a!. The solid line, varying
as f 1.11 and passing through the data points, is a least-squ
fit of a frequency power law to the data. Although Bruns
and Johnson28 themselves suggest otherwise, the shear
tenuation data appear to exhibit a near-linear scaling w
frequency over the bandwidth~0.45 to 7 kHz! of the experi-
ment.

Brunson29 found similar behavior for the attenuation o
the shear wave in water-saturated, sorted glass beads. F
2~b! shows the data from his Table 2, along with a lea
squares fit of a frequency power law varying asf 1.06. Curi-
ously, Brunson29 interpreted the measurements in Fig. 2~b!
as showing ‘‘evidence of viscous attenuation due to fluid-
grain relative motion.’’ This unfortunate statement, whi
has been accepted at face value in at least one re
article,30 does not appear to be consistent with the data
Fig. 2~b!. These shear attenuation data can be seen to ex
a near-linear dependence on frequency over a band from
20 kHz.

A medium with an attenuation that essentially sca
with frequency should, according to the Kramers–Kronig
lationships, exhibit near-logarithmic dispersion.31–36 The
level of the dispersion is proportional to the loss tangent~or
inversely proportional to theQ! of the material and, for the
compressional wave in a typical sand, is in the region
1.5% per decade of frequency. This is too low to be detec
in many experiments, even under laboratory conditions.

Nevertheless, several investigators have attempted to
tect the frequency dependence of the compressional w
speed in sand.20,37,38All concluded that dispersion, if presen
at all, is very weak. In a more recent laboratory experime
Wingham39 observed logarithmic dispersion at a level of a
proximately 1% per decade in a medium sand over a
quency range between 100 and 350 kHz. Although this ba
2799 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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width is limited, Wingham’s observation is not inconsiste
with the Kramers–Kronig requirement for a material with
attenuation that scales linearly with the frequency.

In a critical discussion of the published experimen
evidence on frequency dispersion in sands and sedime
Hamilton20 concluded that ‘‘velocity dispersion is negligibl
or absent in water-saturated sediments.’’ He was also of
opinion that wave attenuation in marine sediments is do
nated by grain-to-grain interactions, which is consistent w
the observations of force-chains in dry sands by Nagel
colleagues. Viscous losses associated with the relative m
ment of the pore fluid through the mineral structure, the p
mary dissipation mechanism in the Biot theory, were cons
ered by Hamilton20 to be negligible. He based thi
conclusion on the fact that the velocity dispersion is neg
gible, which would not be the case if viscous dissipati
were significant.

A secondary piece of evidence indicating that visco
flow has little effect on wave propagation was reported

FIG. 2. Laboratory data showing the attenuation of the shear wave
function of frequency and a least-squares fit of a frequency power law~a!
Saturated medium sand, data from Brunson and Johnson~Ref. 28!. ~b! Satu-
rated glass beads, data from Brunson~Ref. 29!.
2799ingham: Wave propagation, unconsolidated marine sediments
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Wyllie et al.40 They found that the speed of compression
waves through water-saturated glass beads remained
changed as the permeability was varied by a factor of
3104. This insensitivity to the permeability implies tha
relative motion between the viscous pore fluid and the
bonded mineral grains is insignificant.

If the flow of pore-fluid between grains is negligible, th
slow wave predicted by the theory of Biot1,2 and its modifi-
cations by Stoll3 should be extremely weak, if not abse
altogether. A steadily accumulating body of experimen
evidence indicates that this is indeed the case. Despite
eral attempts to detect it under controlled laborato
conditions,41–46 the slow wave in unconsolidated, saturat
granular media has never been observed.~The slow wave has
been detected in aconsolidatedporous medium consisting o
lightly fused glass spheres!.45,46

Hamilton’s20 contention that grain-to-grain interaction
largely determine the properties of waves in unconsolida
granular media is supported by the fact that the comp
sional and shear wave speeds show a pronounced de
dence on grain size. Experimental data, compiled from
number of published sources and showing the functional
pendence of compressional and shear wave speeds on
size, are plotted, respectively, in Fig. 8 in I and Fig. 5 in
Similar grain-size data, acquired using the ISSAMS fram
have been presented by Richardson,18 who fitted empirical
curves to the experimental points using a regression anal

Not all the published evidence is unequivocal in su
porting grain-to-grain interactions as being responsible
the wave properties of saturated granular materials. For
stance, Simpson and Houston44 recently reported laborator
measurements of the dispersion and attenuation of the c
pressional wave in a fine-to-medium sand over the freque
range 4 to 100 kHz. Their acoustic source was in the wa
column above the sediment and a single hydrophone bu
in the sand was moved systematically from run to run
form a synthetic-aperture receiver array. The attenuation
found to vary approximately asf 0.61, a slope that is some
what slower than would be expected from grain-to-grain
teractions. Dispersion, on the other hand, was not eviden
the sound-speed data, which is consistent with a grain
grain argument.

It is quite possible that more than one mechanism
responsible for the wave properties of saturated, uncons
dated granular media. Nevertheless, from the weight of
perimental evidence that has accrued over the years,
difficult to avoid the conclusion that grain-to-grain intera
tions play an important role in characterizing wave behav
in these materials. The remainder of the paper is devote
developing a model of grain-to-grain shearing, which, as w
be shown, gives rise to many of the observed propertie
waves in unconsolidated sediments.

IV. THE MODEL

It is assumed that the unconsolidated, saturated gran
material consists of mineral grains of essentially unifo
size, that there are no large inclusions such as shell f
ments that would act as scattering centers, that there is no
in the pores, and that the wavelength is considerably lon
2800 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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than the size scale of the grains and pore spaces. Taking
grain boundaries as orientated randomly throughout, the
dium is treated as statistically homogeneous and isotro
Boundary reflections are assumed to be negligible. No s
etal mineral frame is included in the analysis, that is to s
the elastic rigidity modulus of the medium is taken to
zero. ~The elasticity of the mineral grains themselves is n
neglected.! In effect, the granular medium is treated as a flu
in which the stress-strain relationships are governed
shearing at the embedded grain contacts. It is implicit
these assumptions that only intrinsic attenuation is addre
in the model. Phenomena such as high-frequency scatte
from individual grains are excluded from the analysis.

By treating the medium as a homogeneous continuum
is implicit that relative motion between the viscous pore flu
and the mineral grains is neglected in the model. This is
‘‘closed system’’ of Gassmann47 in which the pore fluid does
not circulate between grains under the influence of the v
low stress from a propagating wave. The absence of visc
flow through the pore spaces has several consequences
most obvious being that the model does not lead to a s
wave of the type that emerges from the Biot theory. Anoth
is that the predicted wave properties are independent of
permeability, the tortuosity, and the structure factor, which
the Biot–Stoll treatment characterize the fluid flow betwe
the grains. In the grain-shearing theory, the material par
eter which governs the wave properties is the porosity, wh
is commonly reported along with the wave properties of u
consolidated granular materials.

Central to the theoretical development is the shear
that occurs at grain contacts during the passage of a w
On a microscopic level, the contacts themselves are take
be at discrete high points, that is, at micro-asperities on
nominally smooth surface of the grains. Each such mic
contact is assumed to be lubricated by a very thin layer
pore fluid. When sliding occurs at one of these points
contact, the drag opposing the motion is not due to dry fr
tion, but to the effective viscosity of the thin lubricating flui
film, which may be considerably higher than the viscosity
the bulk fluid.

The model is statistical in the sense that many mic
asperities contribute randomly in time to the shearing.
ensemble average over all the shearing events provides
basis for determining the relationship between stress
strain in the medium. This relationship turns out to be
convolution integral, one term of which is a material impul
response function, or MIRF. In fact, two MIRFs appear
the analysis, corresponding to the two types of shearing
can occur between grains. In effect, a MIRF is the str
relaxation that occurs in the material in response to a s
function strain or, equivalently, an impulse of strain rate.

The stress-strain convolutions appear in the Navie
Stokes equation of motion, which splits into two equatio
one for compressional and the other for transverse dis
bances. Both are genuine wave equations, implying
grain shearing introduces rigidity into the medium, and t
rigidity supports a shear wave. Dissipation is also associa
with grain shearing, which gives rise to an attenuation
2800ingham: Wave propagation, unconsolidated marine sediments
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both waves that scales essentially as the first power of
quency.

V. GRAIN-BOUNDARY SHEARING

Since shearing between grains is central to the mode
is important to consider how such shearing may occur. F
ure 3~a! is a schematic of two identical elastic spheres
light contact. The spheres are an idealization of contigu
mineral ~often quartz! grains in a sediment. When a stat
force, F, is applied normal to the tangent plane of conta
the grains are pressed together, local elastic deformation
curs, and a small circle of contact is formed@Fig. 3~b!#. In a
sediment, the forceF may be identified with the overburde
pressure.

During the passage of a wave, a small, dynamic, ela
deformation takes place in the vicinity of the contact in a
dition to the static deformation illustrated in Fig. 3~b!. The
result of the dynamic deformation is relative motion~shear-
ing! between the two grains. The shearing relieves the st
produced by the wave and tends to restore equilibrium
tween the grains. Two types of shearing may occur: tran
tional shearing and radial shearing, illustrated in Figs. 3~c!
and ~d!, respectively.

Under translation, the grain centers are displaced r
tive to each other in a direction parallel to the tangent pla
of contact. In response to this shear strain, tangential s

FIG. 3. Cross section through the centers of two contiguous, spher
mineral grains.~a! Touching lightly, with no elastic deformation at the poin
of contact.~b! Pressed together by static overburden pressure, elastic d
mation occurs, creating a small circle of contact.~c! Translational shearing
due to dynamic tangential strain~horizontal black arrows! and~d! compres-
sive shearing along radials of the circle of contact~small open arrows! due
to dynamic normal strain~vertical black arrows!.
2801 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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stress relaxation occurs as micro-asperities slide against
another on the surfaces of the circles of contact. Ra
shearing occurs under compressive or tensile strain, tha
when the grain centers are displaced in a direction norma
the tangent plane of contact. Such normal strains prod
compressional~tensile! stress relaxation as micro-asperiti
on the radials of the circle of contact slide against one
other. It is to be emphasized that, for typical stress wave
a sediment, the translational and radial displacements are
tremely small, corresponding to strains of 1026 or less.

In passing, it should be mentioned that if the two sphe
in Fig. 3 were smooth and of the same size, then the shea
along the radials of the circle of contact due to compress
~tension! would be zero: the two spheres would deform ide
tically, and no radial sliding would occur. In practice, slidin
will be present even when the spheres are of the same
because sand grains are not perfectly smooth but are cov
with randomly distributed, microscopic asperities. Note a
that radial shearing will occur under not only positive~com-
pressional! but also negative~tensile! dynamic strains. These
positive and negative strains produce very small excursi
about the equilibrium state maintained by the overburd
pressure. Radial shearing occurs under dynamic tension
cause of the slight relaxation of the deformations on eit
side of the contact, and under dynamic compression bec
of the slight enhancement of those same deformations.

The presence of micro-asperities means that the con
between the two spheres is not perfect. Based on recen
vances in tribology,48 it is expected that many discrete poin
of contact will exist, distributed randomly over the roug
surfaces of the circle of contact. A similar situation has be
described by Bengisu and Akay49 in their analysis of friction
at microscopically rough surfaces. When grain-to-gra
shearing occurs in response to a dynamic strain, stress re
ation occurs at the microscopic points of contact. The she
ing events are triggered randomly in time with a probabil
that depends on the normal gradient of the strain across
micro-contact. The resultant random sequence of discr
stress-relaxation pulses constitutes the mechanism by w
equilibrium between two grains is restored.

According to this picture, in the presence of a wave,
the stress relaxation proceeds, the micro-geometry of the
faces of contact changes irreversibly. After a microsco
sliding event, the disposition of the two asperities involved
slightly different from beforehand. These minute changes
the circle of contact are cumulative, and are thus expecte
produce a slowly evolving grain-packing structure as wa
propagation through the medium continues. Such beha
appears to be consistent with the stochastic propertie
waves in dry granular media observed by Nagel and c
leagues. It seems evident that the slow evolution of the pa
ing structure from micro-slip events could be responsible
a changing pattern of force chains within the granular ma
rial. The expected result would be fluctuations in the amp
tude of signal arrivals, much like those observed over a
riod of several hours by Liu and Nagel4 and illustrated in
their Fig. 1~a!.

al,

r-
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VI. RANDOM STICK-SLIP STRESS RELAXATION

To model the stress relaxation that occurs as two gra
slide against each other, the process is represented as a
dom succession of pulses. Each pulse is the determin
stress arising from the slippage of one microscopic aspe
past another on the circle of contact. The sliding is trigge
by the normal velocity gradient across the contact due to
wave disturbance itself. Once triggered, the pulse amplitu
are taken to be independent of the velocity gradient. Si
the micro-pulses of stress are the fundamental constituen
both translational@Fig. 3~c!# and radial@Fig. 3~d!# shearing,
an identical argument applies to the two cases.

The stress relaxation associated with a particular mic
shearing event occurring at timet50 is represented by th
pulse shape function,h(t), where, to satisfy causality,h(t)
50 for t,0. Letting tk be the time at which thekth event of
amplitudeak occurs, the total stress from the random succ
sion of events may be written as

s~ t !5 (
k51

`

akh~ t2tk!, ~1!

where the onset times,tk , and the time-independent ampl
tudes,ak , are random variables, all of which are taken to
independent of one another. The summation on the righ
Eq. ~1! is known as a random pulse train.50

Within an elementary volume of the granular mediu
which is large compared with the grain size but small re
tive to a wavelength, many grain contacts are expecte
exist, and thus the quantity of interest in connection with
macroscopic wave properties is the average stress ov
large number of contacts. The mean stress is derived be
as an ensemble average of the random pulse train in Eq.~1!,
following a generalized version of the argument that ho
for the more familiar Poisson process.51

Consider shearing at a single grain boundary. During
observation interval@0,T#, the probability of a particular
micro-sliding event occurring between timest and t1dt is

ndt5K̄q~ t !dt, ~2!

whereK̄ is the average number of events in time intervalT,
andq(t) is a function of time that satisfies the condition

E
0

T

q~ t !dt51, ~3!

because the event must occur sometime during the inte
@0,T#. Note that the probability in Eq.~2! is independent of
what occurred before timet and what will happen after time
t1dt. A Poisson process would haveq(t)51/T, a constant,
and n would be the mean rate of events, that is,K̄/T. The
random stick-slip that occurs at a grain boundary is not, ho
ever, Poisson distributed, but is triggered by the veloc
gradient across the boundary at any instant,t. Thus the prob-
ability density function,q(t), is governed by the instanta
neous magnitude of the wave field in the medium: the gre
the velocity gradient, the more likely that a slip will be trig
gered.
2802 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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To perform the required averaging of Eq.~1!, consider
the random pulse trains associated with a very large num
M, of observation intervals, each of durationT. If p(K) is the
probability of an interval in the ensemble containingexactly
K events, then the number of such intervals isMp(K). Thus
at a fixed timet into each interval, asM→`, the average
value of the stress,sK(t), in the intervals containingexactly
K events is

sK~ t !5aKE
0

T

q~ t1!dt1¯E
0

T

q~ tK!dtK(
k51

K

h~ t2tk!

5aK(
k51

K E
0

T

q~ tk!h~ t2tk!dtk

5aKKE
0

T

q~ tk!h~ t2tk!dtk , ~4!

where the overbar denotes an ensemble average, andaK is
the mean value of the pulse amplitudesak in the intervals
containing exactlyK events. Note that the stress-relaxati
amplitudes,ak , will all have the same sign and henceaK

Þ0. The final expression in Eq.~4! holds because the inte
gral is independent of the indexk and hence may be take
outside the summation.

Now, the average value of the stress relaxation inall the
intervals@0,T# is

s~ t !5 (
K51

`

p~K !sK~ t !5āE
0

T

q~ tk!h~ t2tk!dtk (
K51

`

Kp~K !.

~5!

The summation in the last expression is simply the me
number of events in the interval@0,T#,

K̄5 (
K51

`

Kp~K !, ~6!

an expression which holds for any probability distributio
p(K), and hence

s~ t !5āK̄E
0

T

q~ tk!h~ t2tk!dtk , ~7!

whereāÞ0 is the mean value of the pulse amplitudes in
the intervals@0,T#. Equation~7! is an ensemble average fo
the mean stress relaxation that occurs when one grain s
against another. Notice that the onset time,tk , of the kth
event in the random pulse train is the integration variable
Eq. ~7!, that is to say, the distribution of the onset times h
no effect on the value of the average.

In view of the fact that the probabilityq(tk)50 for tk

,0 andh(t)50 for t,0, the limits on the integral in Eq.~7!
may be extended from2` to 1` without changing its value,

s~ t !5āK̄E
2`

`

q~ tk!h~ t2tk!dtk . ~8!

The integral on the right of Eq.~8! will be recognized as a
convolution integral, allowing the average stress to be
pressed in the form

s~ t !5āK̄q~ t ! ^ h~ t !, ~9!
2802ingham: Wave propagation, unconsolidated marine sediments
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where the symbol̂ denotes a temporal convolution. Equ
tion ~9! is a generally valid result for any random pulse tra
for which the probability density function isq(t) and the
pulse shape function ish(t). To proceed, it is necessary t
determine the functional forms forq(t) and h(t) that are
appropriate to grain-to-grain shearing in an unconsolida
granular medium.

VII. THE PROBABILITY DENSITY FUNCTION, q „t …

It is clear that the difference in velocity of the two grain
on either side of the circle of contact must trigger the sti
slip process. When boundary shearing occurs, the grain
ters move relative to each other in a direction which may
resolved into components parallel to~translational shearing!
and normal to~radial shearing! the tangent plane of contac
Similar arguments apply to the two cases, but to be spe
we shall discuss the probability functionq(t) in the context
of translational shearing.

To establish the form ofq(t), consider for the momen
just two-dimensional motion in thex–z plane, with the plane
of the contact parallel to thex-direction, as sketched in Fig
4. The density function,q(t), is the probability that a single
micro-shearing event will contribute to the stress relaxat
between timest and t1dt. Since each event is triggered b
the magnitude of the velocity difference across the plane
contact, the probability that a given event occurs betw
times t and t1dt is

q~ t !5
b

T Udvx~ t !

dz U, ~10!

whereb is a ~positive! constant of proportionality, and th
derivative on the right is the velocity gradient normal to t
grain boundary at timet. To account for planes of contac
that are not parallel to thex-direction,b may be replaced by
its average value,b̄, taken over the random orientation of th
slip planes,

q~ t !5
b̄ Udvx~ t !U. ~11!

FIG. 4. Shearing of contiguous grains due to the velocity gradient norm
the plane of contact. The micro-asperities~small solid hemispheres! on the
circle of contact are not to scale.
T dz
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By writing the velocity asvx5dx/dt, it becomes evident
that the derivative in Eqs.~10! and~11! is identical with the
rate of strain across the contact. Thus the probability of
event occurring betweent and t1dt is proportional to the
rate of strain rather than the strain itself, which is physica
reasonable since a static strain represents a steady-state
dition in which no shearing could occur.

When the expression in Eq.~11! is substituted into Eq.
~9!, the average stress becomes

sxz~ t !5nāb̄Udvx~ t !

dz U^ h~ t !, ~12!

where n5K̄/T is the mean rate of sliding events and t
subscriptsxz on the left denote in the usual way the she
stress in thex–z plane. An analogous expression holds f
radial shearing, in which case the subscriptx is replaced byz.

VIII. STRAIN HARDENING AND THE PULSE SHAPE
FUNCTION, h „t …

The pulse shape function,h(t), is a deterministic, mate
rial impulse response function~MIRF!. It represents the time
dependence of the stress relaxation that occurs as one m
asperity slides against another in response to an impuls
strain rate.

Two forces are at work when individual asperities
opposite faces of the circle of contact slide against e
other: a conservative elastic force of deformation, and a d
force resisting the motion@Fig. 5~a!#. The elastic force may
be represented by a simple Hookean spring. Opposing
motion, the drag force is due to friction from the viscosity
the thin film of pore fluid trapped between the asperiti
Viscous drag scales with the speed of sliding, and hence
be represented by a dashpot. Since they support the s
stress, the spring and the dashpot should be connecte
series@Fig. 5~c!# to represent the micro-shearing, a combin
tion which is sometimes known as a Maxwell element.9 Usu-
ally, a Maxwell element is employed to represent the ela
or plastic behavior of a macroscopic sample of the mate

toFIG. 5. ~a! AsperitiesA andÁ shearing against each other~not to scale! on

the circle of contact. A thin film of pore fluid is shown betweenA andÁ. ~b!
Equivalent Maxwell element consisting of a Hookean spring and nonlin
strain-hardening dashpot in series.
2803ingham: Wave propagation, unconsolidated marine sediments
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of interest but, in the present instance, it serves as an equ
lent mechanical model of the micro-sliding between in
vidual asperities on the circle of contact.

In its simplest form, the coefficients of the spring a
dashpot in the Maxwell element are constants, in which c
the MIRF, h(t), would decay exponentially in time. Suc
behavior, however, is not characteristic of the stress re
ation that occurs in granular media. The physical proces
underlying the grain-to-grain interactions in granular mate
als are still not well understood, although the subject
received considerable attention,52–56 as summarized in a re
view article by Deresiewicz.57 Much of this prior work ad-
dresses the contact mechanics of elastic spheres arrang
regular arrays. A different approach is taken here, where
postulated that ‘‘strain hardening,’’ originating in the th
fluid film separating two sliding asperities, may be t
mechanism that governs the properties of waves in unc
solidated granular media.

Strain hardening is an increase in the resistance to
tion as intergranular shearing proceeds. Thus after it is t
gered, the shearing becomes progressively more difficu
sustain, behavior which is represented by a time-depen
coefficient for the dashpot in the Maxwell element in F
5~b!. It is well-known that a Maxwell element in which th
dashpot hardens with time can exhibit behavior that is r
resentative of stress relaxation in plastic materials, as
cussed in a number of contexts by Gittus.9 However, since a
granular material is not plastic, at least, not in the us
sense, the details of the strain hardening mechanism
differ in the two cases.

The thinness of the pore fluid sandwiched between
asperities depicted in Fig. 5~a! could be responsible for strai
hardening in the granular medium. It is known that the pro
erties of aqueous solutions confined in a very thin layer~sev-
eral molecular diameters thick! between solid surfaces ar
significantly different from those of the bulk material.8 In
particular, the effective viscosity of a thin fluid film can b
much higher than the viscosity of the bulk fluid, and t
effective viscosity increases as the film is squee
harder.48,58 This may be what happens as the asperitiesA,Á
in Fig. 5~a! slide against each other.

Before sliding begins, the two asperities are effectiv
pinned~the ‘‘stick’’ part of ‘‘stick-slip’’ !. On being triggered
into slipping, the contact between the two asperities will
ways become tighter, because of the overburden pres
and the effective viscosity of the lubricating fluid film wi
increase, giving rise to the condition of strain hardening.
terms of the Maxwell element in Fig. 5~b!, the strain hard-
ening is represented by allowing the coefficient of the da
pot, j(t), to be an increasing function of time. Since t
stress in such a dashpot is neither in phase nor in quadra
with the strain, the element is not purely dissipative, as
would be if the coefficient were constant. In fact, the stra
hardening dashpot is nonlinear, with cross-coupling betw
different Fourier components in the stress-strain relations
and hence the Maxwell element in Fig. 5~b! does not obey
the principle of superposition.

The coefficient of the spring in the Maxwell element
taken to be a constant,E, representing the compressibility o
2804 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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the asperitiesA,Á and the fluid film between them. It shoul
be noted that, although the compressibility of the bulk po
fluid is considerably greater than that of the mineral grai
the situation may be reversed for the molecularly thin film
pore fluid between asperities. As discussed by Granick,8 such
thin fluid films are highly incompressible. Thus as indicat
in Fig. 5~b!, the predominant factor governing the sprin
constantE may actually be the elasticity of the mineral a
perities rather than the compressibility of the pore fluid se
rating them.

Be that as it may, the solution for the stress in the Ma
well element in response to a step-function strain,«, applied
at t50 will provide an expression for the MiRFh(t). The
applied strain,«, is governed by material properties alon
that is to say, it is taken to be independent of the wa
amplitude.

Since they are in series, the stresses in the spring and
dashpot are the same. Taking the stress at timet to be x
5x(t), then in the spring

x5E«s , ~13!

which is simply Hooke’s law, and in the strain-hardenin
dashpot

x5j~ t !
d«d

dt
. ~14!

In these expressions,«s and «d , respectively, are the time
dependent strains in the spring and the dashpot. Aftert50
the total strain,«, in the Maxwell element is just the sum o
the strains in the two components,

u~ t !«5«s1«d , ~15!

whereu(t) is the unit step function. On combining Eqs.~13!
to ~15!, the following nonlinear differential equation for th
stress,x, is obtained:

1

E

dx

dt
1

1

j~ t !
x5«d~ t !, ~16!

whered(t) is the Dirac delta function.
To solve Eq.~16! for the stress, the time-dependence

j(t), the coefficient of the dashpot, must be specified. T
Taylor expansion of this coefficient about timet50 when
sliding begins is

j~ t !5j01
dj

dtU
t50

t1
d2j

dt2U
t50

t2

2!
1¯'j01ut, ~17!

where the zero-order term,j0 , represents the viscosity of th
fluid film before the onset of sliding, andu>0 is the strain-
hardening coefficient or, equivalently, the rate coefficient
the drag. The linear approximation forj(t) in Eq. ~17! would
seem to be justified, given the very short time scales
extremely small strains associated with linear wave propa
tion in granular media. Later, it will be shown that the the
retical results derived on the basis of the approximation
Eq. ~17! agree with the available experimental data.

By employing the linear form in Eq.~17!, the solution of
Eq. ~16! is obtained, after rearranging terms, by straig
forward integration,
2804ingham: Wave propagation, unconsolidated marine sediments
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x5x0S 11
u

j0
t D 2E/u

sgn@«d~ t !#, ~18!

where

x05u«uE ~19!

is the initial value of the stress,d(t) is the Dirac delta func-
tion, and the signum function represents the arithmetic s
of the driving rate of strain. Equation~18! states that att
501 all the strain appears across the spring, as expe
because the dashpot cannot respond instantaneously t
input. Note that the limiting behavior of the solution in E
~18! is correct: asu→0 ~i.e., as the effect of strain-hardenin
is eliminated!, x reduces identically to an exponential dec
in time. When, in addition, the elasticity is removed by a
lowing E→`, x becomes the delta function,d(t), which is
simply the impulse response of a dashpot with a cons
coefficient. The latter is, of course, representative of a pu
viscous medium.

The pulse shape function,h(t), is identified as the time-
dependent part of the solution in Eq.~18!,

h~ t !5
u

j0
S 11

u

j0
t D 2E/u

, ~20!

where the leading factor on the right has been included o
to give h(t) the dimensions of reciprocal time@the same as
the delta function,d(t)]. The mean pulse amplitude is

ā5x0

j0

u
, ~21!

and hence the time-dependence of the ensemble-aver
stress relaxation in Eq.~12! is

sxz~ t !5x0nb̄Udvx~ t !

dz U^ S 11
u

j0
t D 2E/u

sgnS dvx~ t !

dz D
5x0nb̄

j0

u

dvx~ t !

dz
^

u

j0
S 11

u

j0
t D 2E/u

, ~22!

where the leading coefficients on the right~i.e., x0nb̄j0 /u)
are independent of the velocity gradient across the con
Note that the signum function in Eq.~22! has the same arith
metic sign as that in Eq.~18!.

Since the functional form on the right of Eq.~22! repre-
sents the average stress relaxation from individual mic
asperities sliding against one another, it holds for both tra
lational and radial shearing. As can be seen from Eq.~22!, an
important property of the average stress is that it satisfies
principle of superposition, and hence is strictly linear, ev
though the strain-hardening Maxwell element represen
an individual component of the random succession of st
pulses is nonlinear.

IX. TRANSLATIONAL „SHEAR… AND RADIAL
„COMPRESSIONAL … GRAIN SHEARING

The internal stress relaxation arising from both trans
tional and radial shearing is given by Eq.~22!, with appro-
priate values for the various coefficients in the two cases
particular, the grain-size dependence, which appears thro
2805 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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the presence of the mean rate of events,n, is different for the
two types of shearing, as discussed in the Appendix. Incid
tally, the translational and radial shearing processes ma
thought of as being analogous to shear and bulk viscosit59

respectively, in a viscous fluid.
For convenience in discussing the coefficients in E

~22!, the expressions for the stress associated with ra
~compressional! and translational~shear! sliding are now
written separately, as follows:

szz~ t !5lphp~ t ! ^
dvz~ t !

dz
~23!

and

sxz~ t !5hshs~ t ! ^
dvx~ t !

dz
, ~24!

where the subscriptsp ands identify the associated quantit
with radial and translational shearing, respectively. The ov
bars denoting ensemble averaging have now been om
for brevity. Thehp,s(t) functions in Eqs.~23! and ~24! are
the material impulse response functions~MIRFs! for radial
and translational shearing,

hp~ t !5tp
21S 11

t

tp
D 2n

, ~25!

and

hs~ t !5ts
21S 11

t

ts
D 2m

, ~26!

where, from inspection of Eq.~20!, the stress-relaxation time
constants are

tp5
jop

up
, ts5

jos

us
, ~27!

and the material exponents are

n5
Ep

up
, m5

Es

us
. ~28!

Several of the scaling constants in the analysis convenie
collapse into just two coefficients, the radial and translatio
stress-relaxation coefficients,lp and hs , in Eqs. ~23! and
~24!. From comparison with Eq.~22!,

lp5xopnpbptp ~29!

and

hs5xosnsbsts . ~30!

The temporal convolutions for the radial and trans
tional stresses in Eqs.~23! and~24!, respectively, are identi-
cal to those introduced inductively in I and II. It is als
apparent that the MIRFs in Eqs.~25! and ~26! reduce to the
inverse-time power laws used in I and II for times that a
greater than the stress-relaxation time constantstp ,ts . Since
these time constants scale with the residual viscosity of
fluid in the film, j0 @see Eq.~27!#, which in granular mate-
rials appears to be negligible, it follows that for all tim
scales of interest the inverse-time power-law form for t
MIRFs is an excellent approximation.
2805ingham: Wave propagation, unconsolidated marine sediments
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The time constantstp ,ts and the exponentsn, mdefined
in Eqs. ~27! and ~28! characterize a single, determinist
event, the sliding of one micro-asperity over another. S
events are the building blocks of both translational and ra
stress relaxation. These constitutive events are physically
distinguishable in the two types of grain shearing, and the
fore the following equalities are expected to hold:

tp5ts , ~31a!

m5n, ~31b!

and hence

hp~ t ![hs~ t !. ~32!

These equalities imply that the compressional and sh
wave properties, that is, the two wave speeds and the
attenuations, are all causally connected. This linking impo
a strong constraint on the predicted wave properties, wh
will provide a demanding test of the grain-shearing theor

Limited experimental evidence in support of the pr
dicted equality betweenn and m has been presented in I
Further evidence indicating thatn5m is presented below in
Figs. 6 and 7. However, in the interest of being explicit, t
distinctions betweentp ,ts , between n,m, and between
hp(t),hs(t) are maintained throughout the remainder of t
analysis. The identities in Eqs.~31! and~32! should be borne
in mind, however, because they will be used later in eva
ating the theoretical expressions for the wave speeds
attenuations.

It will turn out that the compressional and shear atte
ations, respectively, scale in direct proportion to the mate
exponentsn and m. According to Eqs.~28!, these~dimen-
sionless! exponents provide a relative measure of the con
vative and dissipative forces in the microscopic sliding p
cess represented by the nonlinear Maxwell element:n ~or m!
is the elastic modulus of the spring divided by the stra
hardening coefficient of the dashpot. As strain-hardening
creases (n,m→`), grain sliding is facilitated and attenua
tion rises, and as strain-hardening increases (n,m→0) grains
tend to lock together, little or no sliding can occur, and
tenuation approaches zero. By comparison, the comp
sional and shear wave speeds are only weakly depende
n and m, and hence are relatively insensitive to stra
hardening in the granular medium.

X. GENERALIZED NAVIER–STOKES EQUATION

To establish the equation of motion, the granular m
dium is treated, macroscopically, as a homogeneous, fl
continuum, which, like a viscous fluid, is capable of suppo
ing a shear ‘‘flow.’’ The continuum representation is val
for the wavelengths of interest, which are considera
longer than the size scale of the grain structure and the
spaces in the material. The microscopic, randomly orienta
grain boundaries may be thought of as being embedde
the continuum in such a way as to support the compres
and shear stresses described by Eqs.~23! and ~24!, respec-
tively.

The assumption of homogeneity is obviously not cons
tent with Liu et al.’s5 observations of force chains and th
2806 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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associated fluctuations in wave propagation, which are
fects of inhomogeneity in the medium. By treating the m
terial as ~macroscopically! homogeneous, smoothed wav
properties will be obtained, for instance, the average atte
ation as a function of frequency. Once the average beha
has been established, the assumption of homogeneity c
be relaxed in order to investigate interference between wa
propagating along different force-chain pathways. Th
however, is beyond the scope of the present article.

To set up the equation of motion, the full stress tens
s, for the granular medium must be derived. The terms
this tensor relate stress to rate of strain at a point~x,y,z! in the
three-dimensional medium. The argument is analogous
that for a homogeneous, isotropic, viscous fluid, as discus
by Morse and Ingard,59 except that the stress, instead of b
ing proportional to the velocity gradient, is in the form of th
convolutions in Eqs.~23! and ~24!.

The tensor for the shear flow may be written as

FIG. 6. Theoretical dispersion in the wave speeds for the SAX99 sedim
~a! The compressional wave and~b! the shear wave. The data points~s!
used in determining the unknown coefficients fall on the theoretical cur
2806ingham: Wave propagation, unconsolidated marine sediments



no

de

nd
u

s
-

re

n
e

ng

, the

re

or
lu-
e

in
q.

sor

the

pa-
er,

n

n

e de-
ons,
tion
d,

9
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da
lin
fir
V5S Vxx Vxy Vxz

Vyx Vyy Vyz

Vzx Vzy Vzz

D , ~33!

where the diagonal components are

Vii 5
]v i

]xi
2

1

3
div v, ~34!

and the off-diagonal components (iÞ j ) are

Vi j 5
1

2

]v i

]xj
1

1

2

]v j

]xi
5Vji . ~35!

Equations~34! and~35! represent pure shear strains with
change in fluid content. Thus the tensorV in Eq. ~33! is a
measure of the rate at which one part of the medium sli
past another at the point (x,y,z), excluding the effects of
rotation and outflow of material from the unit volume arou
~x,y,z!. The outflow has been removed by subtracting eq
parts of the divergence of the velocity,

div v5
]vx

]x
1

]vy

]y
1

]vz

]z
, ~36!

from the diagonal components of the tensor@Eq. ~34!#.
The stress tensor must include several component

addition to the term22hshs(t) ^ V representing the transla
tional shear between grains.@The factor of 2 is included here
to maintain consistency with the simple case in Eq.~24!.#
Clearly, the hydrostatic pressure, including the acoustic p
sure,p, must be added into the diagonal elements ofs. A
further term must also be included in the diagonal eleme
to account for the compressive stress associated with sh
ing along radials of the circle of contact. From Eq.~23!, the
appropriate term to be included is2lp div hp(t)^v, repre-
senting the stress relaxation arising from the rate of cha
of compression.

FIG. 7. Theoretical attenuation as a function of frequency for the SAX
sediment. The shear wave data point~s!, used in determining the unknow
coefficients, falls on the theoretical curve. The compressional wave
point ~* ! lies about 2 dB/m above the theoretically predicted curve. The
labeled f 1 illustrates the slope of any attenuation that scales as the
power of frequency.
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When the acoustic pressure,p, the radial compressive
stress, and the translational shear stress are included
stress tensor can be written as

s5$p2lp div@hp~ t ! ^ v#1 2
3 hs div@hs~ t ! ^ v#%d i j

2hsFhs~ t ! ^ H ]v i

]xj
1

]v j

]xi
J G , ~37!

where d i j is the Kronecker delta. The hydrostatic pressu
has been neglected in Eq.~37! since it plays no part in the
wave equations. Ifhp(t) and hs(t) were set equal tod(t),
then Eq.~37! would reduce identically to the stress tensor f
a viscous fluid. This should be obvious, since the convo
tion of a delta function with any continuous function is th
function itself. However, with the MIRFs taking the forms
Eqs.~25! and ~26!, the properties of the stress tensor in E
~37! are significantly different from those of the stress ten
for a viscous fluid.

If external forces such as gravity are neglected,
equations of motion may be written as

~r01D!
dv

dt
5~r01D!F]v

]t
1~v•grad!vG52¹.s, ~38!

where r0 is the bulk density of the material andD is the
density fluctuation associated with the presence of a pro
gating wave. On linearizing this expression, the first-ord
Navier–Stokes equation is obtained,

r0

]v

]t
52¹•s52gradp1lp grad div@hp~ t ! ^ v#

1 4
3 hs grad div@hs~ t ! ^ v#

2hs curl curl @hs~ t ! ^ v#, ~39!

where the following relationships have been used:

~¹v! i j 5
]v j

]xi
, ~40!

~v¹! i j 5
]v i

]xj
, ~41!

@¹•~v¹!# j5@grad~div v!# j , ~42!

and

@¹•~¹v!# j5@grad~div v!# j2@curl curl v# j . ~43!

Equation ~39! is the equation of motion appropriate to a
unconsolidated granular medium in which radial~compres-
sional! and translational~shear! stress relaxation is as give
by Eqs.~23! and ~24!.

XI. WAVE EQUATIONS

The wave speeds and the associated attenuations ar
termined from the compressional and shear wave equati
which are developed below from the Navier–Stokes equa
@Eq. ~39!#. In addition, the equation of state is require
which for the granular medium is, to first order,

p5c0
2D, ~44!

9
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c05Ak0

r0
. ~45!

Physically,c0 is the compressional wave speed that would
observed in the absence of grain-to-grain stress relaxa
that is, if the granular medium were a suspension with
contact forces. Such a medium will be referred to as
‘‘equivalent suspension.’’ The bulk modulus,k0 , of the
equivalent suspension is essentially defined through Eq.~45!.
Notice that in the limit of low frequency, because the rate
strain is zero, the three convolutions in Eq.~39! vanish and
hence the wave properties of the granular medium are
pected to be the same as those in the equivalent suspen

The value of the wave speed,c0 , is not accessible
through direct measurement. It can, however, be evalu
from Wood’s equation,60 that is, Eq. ~45! with the bulk
modulus,k0 , and the bulk density,r0 , given by the weighed
means

1

k0
5N

1

kw
1~12N!

1

kg
~46!

and

r05Nrw1~11N!rg . ~47!

In these expressions,N is the porosity of the granular me
dium, kw , kg are, respectively, the bulk moduli of seawat
and of the mineral grains, andrw ,rg are the corresponding
densities. Since values for all these parameters are us
available,c0 may be considered as known.

As an aside,N is governed by the packing arrangeme
of the grains. In a typical marine sediment, the sand gra
form a random close-packing structure, which, by definitio
is the tightest random packing arrangement possible. I
homogeneous material, the random packing is expecte
hold at all depths in the sediment, from which it follows th
N should be invariant with depth~at least, until the overbur
den pressure becomes so great as to crush the asperiti
the grains!. Data exhibiting the depth-invariance ofN imme-
diately beneath the sediment interface have been prese
by Richardson and Briggs61 and Richardson.62 If N is invari-
ant with depth, it follows from Eqs.~46! and ~47! that the
bulk modulus and density must behave similarly.

Returning to the derivation of the wave equations, co
servation of mass requires that

]D

]t
1r0¹•v50, ~48!

which, when combined with Eq.~44!, yields

1

c0
2

]p

]t
1r0¹•v50. ~49!

On eliminating the acoustic pressure,p, from Eqs.~39! and
~49!, by differentiating the former with respect to time, th
following equation for the velocityv is obtained:
2808 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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r0

]2v

]t2 5k grad divv1lp grad div
]

]t
@hp~ t ! ^ v#

1
4

3
hs grad div

]

]t
@hs~ t ! ^ v#

2hs curl curl
]

]t
@hs~ t ! ^ v#. ~50!

According to Helmholtz’s theorem,63 any vector field,v, can
be expressed as the sum of the gradient of a scalar pote
c, and the curl of a zero-divergence vector potential,A,

v5gradc1curl A; div A50. ~51!

On substituting the first of these expressions into Eq.~49!
and performing a straightforward separation of terms,
following two equations are obtained:

¹2c2
1

c0
2

]2c

]t2 1
lp

r0c0
2

]

]t
¹2@hp~ t ! ^ c#

1
~4/3!hs

r0c0
2

]

]t
¹2@hs~ t ! ^ c#50 ~52!

and

hs

r0
¹2@hs~ t ! ^ A#2

]A

]t
50, ~53!

where ¹2 is the Laplacian, and the identities curl gradc
50, div curl A50, and curl curlA52¹2A have been used
Equations ~52! and ~53!, representing, respectively, th
propagation of compressional and shear disturbances in
unconsolidated granular medium, were stated in II but wi
out the formal derivation given above. A minor error in II i
the compressional-wave equation has been corrected in
~52!.

At first glance, the presence of the first derivative w
respect to time might suggest that Eq.~53! for shear distur-
bances is diffusionlike rather than wavelike in charact
This would, in fact, be the case ifhs(t) were a delta function,
representative of viscous dissipation. According to Eq.~53!,
shear disturbances in a viscous fluid are evanescent, de
ing away exponentially in time and space, which is why it
said that shear is not supported by a fluid. Whenhs(t) is not
a delta function, however, but takes the form in Eq.~26!,
solutions of Eq.~53! exist which represent propagating she
waves, as discussed in II. Physically, the rigidity introduc
by strain-hardening during translational shearing is the fac
responsible for the predicted shear wave.

XII. WAVE SPEEDS AND ATTENUATIONS

Expressions for the speed and attenuation of the c
pressional and shear wave are obtained by Fourier transfo
ing the wave equations in Eqs.~52! and~53! with respect to
time. This yields the reduced wave equations

¹2C1
v2/c0

2

F11
j v

r0c0
2 $lpHp~ j v!1~4/3!hsHs~ j v!%G C50

~54!
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¹2Â1
v2r0

j vhsHs~ j v!
Â50, ~55!

where (C,Â,Hp ,Hs) are the Fourier transforms with respe
to time of (c,A,hp ,hs), v is angular frequency, andj
5A21. Note that the temporal convolutions in Eqs.~52!
and ~53!, representing compressive and shear stress re
ation, appear as products in the frequency domain@Eqs.~54!
and ~55!#. From the plane-wave solution of Eq.~54!, the
phase speed,cp , loss tangent,bp , and attenuation coeffi
cient, ap , of the compressional wave can immediately
written as

1

cp
5

1

c0
ReF11

j v

r0c0
2 $lpHp~ j v!1~4/3!hsHs~ j v!%G21/2

,

~56a!

bp52
cp

c0
ImF11

j v

r0c0
2 $lpHp~ j v!1~4/3!hsHs~ j v!%G21/2

,

~56b!

and

ap5
vbp

cp
. ~56c!

Similarly for the shear wave, the phase speed,cs , the loss
tangent,bs , and the attenuation coefficient,as , are, from
the plane-wave solution of Eq.~55!,

1

cs
5Ar0

hs
Re@ j vHs~ j v!#21/2, ~57a!

bs52csAr0

hs
Im@ j vHs~ j v!#21/2, ~57b!

and

as5
vbs

cs
. ~57c!

Incidentally, the loss tangents can be expressed ab
51/2Q, whereQ is the quality factor of the medium.@N.B.,
The coefficients in Eqs.~56c! and~57c! give the attenuation
of a planar pressure wave in nepers/m; they should
doubled to give the attenuation of intensity.#

The temporal Fourier transforms of the MIRFs in Eq
~25! and ~26! are, respectively,

Hp~ j v!5~ j vtp!n21ej vtpG~12n, j vtp!

'
G~12n!

~ j vtp!12n ~58!

and

Hs~ j v!5~ j vts!
m21ej vtpG~12m, j vts!

'
G~12m!

~ j vts!
12m , ~59!

wherev is angular frequency andG~...,....! is the complement
of the incomplete gamma function. The approximations
Eqs. ~58! and ~59! hold at all frequencies for whichvtp,s
2809 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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!1, conditions which are satisfied in unconsolidated, sa
rated marine sediments, where viscous effects, represe
by the time constantstp and ts , appear to be negligible.

When Eqs.~58! and~59! are substituted into the expres
sions for the wave speeds and loss tangents, Eqs.~56! and
~57! become

1

cp
5

1

c0
ReF11

mp

r0c0
2 ~ j vtp!n1

4

3

ms

r0c0
2 ~ j vts!

mG21/2

,

~60a!

bp52
cp

c0
ImF11

mp

r0c0
2 ~ j vtp!n1

4

3

ms

r0c0
2 ~ j vts!

mG21/2

,

~60b!

ap52
v

c0
ImF11

mp

r0c0
2 ~ j vtp!n1

4

3

ms

r0c0
2 ~ j vts!

mG21/2

,

~60c!

and

1

cs
5

1

c0
ReF ms

r0c0
2 ~ j vts!

mG21/2

5
1

c0
Ar0c0

2

ms
uvtsu2m/2 cosS mp

4 D , ~61a!

bs52
cs

c0
ImF ms

r0c0
2 ~ j vts!

mG21/2

5sgn~v!tanS mp

4 D ,

~61b!

as5
uvu
c0
Ar0c0

2

ms
uvtsu2m/2 sinS mp

4 D . ~61c!

The parametersmp ,ms in these expressions are, respective
radial and translational stress-relaxation moduli, which
related to the stress-relaxation coefficientslp andhs as fol-
lows:

mp5
lp

tp
G~12n! ~62a!

and

ms5
h

ts
G~12m!. ~62b!

It is evident from Eq.~60a! that one effect of these moduli i
to raise the compressional wave speed of the sediment a
the valuec0 of the equivalent suspension.

The expressions for the wave speeds and attenuation
Eqs. ~60! and ~61! can be simplified, first by adopting th
predicted equalities in Eq.~31!, and second by amalgamatin
the stress-relaxation moduli with the time constantt0[tp

5ts . Then, the speed, loss tangent, and attenuation of
compressional wave can be written as

1

cp
5

1

c0
ReF11

3gp14gs

3r0c0
2 ~ j vT!nG21/2

, ~63a!

bp52
cp

c0
ImF11

3gp14gs

3r0c0
2 ~ j vT!nG21/2

, ~63b!
2809ingham: Wave propagation, unconsolidated marine sediments
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ap52
v

c0
ImF11

3gp14gs

3r0c0
2 ~ j vT!nG21/2

, ~63c!

and for the shear wave,

1

cs
5

1

c0
Ar0c0

2

gs
uvTu2n/2 cosS np

4 D , ~64a!

bs5sgn~v!tanS np

4 D , ~64b!

as5
uvu
c0
Ar0c0

2

gs
uvTu2n/2 sinS np

4 D . ~64c!

In these expressions,gp and gs are, respectively, compres
sional and shear rigidity coefficients,

gp5mpS t0

T D n

~65a!

and

gs5msS t0

T D n

, ~65b!

whereT is an arbitrary time that has been introduced sol
to keep terms raised to the fractional power ofn dimension-
less. It should be clear that the expressions in Eqs.~63! and
~64! are independent of the value ofT, which is conveniently
taken to beT51 s.

XIII. EVALUATION OF THE GRAIN-SHEARING
COEFFICIENTS

Equations~63! and ~64! are our final, exact expression
for the wave speeds and attenuations in the granular med
It can be seen that, besides the mechanical properties o
two constituent materials and the porosity of the granu
system, all of which may be taken as known, these exp
sions involve just three unknown coefficientsgp , gs , andn,
which must be determined from data. Two of the coe
cients, gp and gs , respectively, represent the ensemb
averaged stresses associated with radial and translat
sliding. The third coefficient, the material exponentn, char-
acterizes the deterministic interaction between individ
micro-asperities at the contacts between grains.

To evaluate these coefficients, only three of the expr
sions for the wave properties are required, the two w
speeds@Eqs.~63a! and ~64a!# and the shear attenuation@Eq.
~64c!#. The fourth expression, for the compressional atte
ation, can then be evaluated to yield a prediction, which m
be tested against data.

It is assumed that measurements of the compressi
wave speed and attenuation are available at a spot freque
f p , and similarly for the shear wave at spot frequencyf s . By
forming the product of the shear wave speed and attenua
from Eqs.~64a! and ~64c!, an expression is obtained whic
involves onlyn,

cs~vs!as~vs!5uvsutan
np

4
, ~66!

wherevs52p f s . It follows thatn is uniquely specified as
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y

m.
the
r
s-

-
-
nal

l

s-
e

-
y

al
cy,

on

n5
4

p
tan21H cs~vs!as~vs!

uvsu
J . ~67!

Note thatas in these expressions is in nepers/m, which
obtained by dividing dB/m by 20 log10(e)58.686.

The coefficientgs may be obtained either from th
speed or attenuation of the shear wave. Taking the w
speed in Eq.~64a!, it follows that

gs5
r0cs

2~vs!

uvsun
cos2

np

4
, ~68!

where we have setT51 s. Equation ~68! specifies gs

uniquely. The remaining parameter,gp , may now be evalu-
ated in a straightforward manner from Eq.~63a! for the com-
pressional wave speed. It is easier to do this numeric
using a simple algorithm, rather than develop a clumsy a
lytical solution.

Oncegp ,gs , andn have been evaluated, the expressio
in Eqs.~63! and~64! provide the full frequency dependenc
for the wave speeds and attenuations. At present, a diffic
in testing the theory is that few data sets are available in
literature which fully characterize a sediment. The requir
data are: the porosity,N, the shear wave speed and attenu
tion at frequencyf s , and the compressional wave speed a
attenuation at frequencyf p . Often, four out of these five
parameters are reported, but usually the attenuation of
shear wave is not available.

Recently, however, as part of an O.N.R. research ini
tive designated SAX99, a quartz sand sediment in the no
eastern Gulf of Mexico off the Florida Panhandle was inte
sively investigated. Preliminary data from SAX99, includin
all five parameters required for the test, have been repo
by Richardsonet al.64 The values are:N50.39 ~from elec-
trical conductivity measurements!; cp51771 m/s andap

512.7 dB/m, both at f p538 kHz; cs5129 m/s and as

530 dB/m, both atf s51 kHz. The temperature of the por
water was 22 °C, giving rw51024.2 g/m3, kw52.388
3109 Pa, andcw51527 m/s. For quartz,rg52650 kg/m3

andkg53.3631010Pa. Thus the sound speed in the equiv
lent suspension isc051653.4 m/s and the bulk density of th
sediment isr052015.9 kg/m3. These data~excluding ap)
yield: n50.090 14; gp52.483108 Pa; and gs51.517
3107 Pa.

Figures 6~a! and ~b! show the compressional and she
wave speeds as functions of frequency, from Eqs.~63a! and
~64a!, respectively, for the SAX99 site. The small circle
lying precisely on the theoretical lines, are two of the da
points that were used in determining the coefficients. For
same site, Fig. 7 shows the compressional and shear w
attenuations as functions of frequency, from Eqs.~63c! and
~64c!, respectively. The small circle in this figure, lying pre
cisely on the theoretical curve for the shear attenuation, is
third data point that was used in evaluating the coefficien

The asterisk in Fig. 7, the measured compressional
tenuation, was not used in evaluating the coefficients. A
frequency of 38 kHz, the theoretically predicted curve lies
10.7 dB/m, about 16%~2 dB/m! below the data point repre
sented by the asterisk. In view of the fact that the compr
sional and shear attenuations differ by over two orders
2810ingham: Wave propagation, unconsolidated marine sediments
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m,
magnitude, the correspondence between the predicted c
pressional attenuation and the data in Fig. 7 is considere
be very satisfactory. It is only fair to point out, however, th
the values of the SAX99 wave properties used to obtain
prediction are preliminary and may be revised as the data
examined in greater detail. This serves to emphasize the
for more complete data sets on the wave properties of s
ments.

In performing a test like that illustrated in Fig. 7 it i
important, first, to take proper account of the temperature
the pore fluid65 and, second, to use the best available m
sure of porosity. Both affect the computed value ofc0 ,
which in turn influences the predicted value ofap . To illus-
trate the effect of the porosity, suppose thatN is raised by
1% from 0.39, as in the above calculation, to 0.40. Th
with the same input wave properties, the predicted comp
sional attenuation isap511.65 dB/m, an increase of about
dB/m or approximately 10%. In sandy sediments, the w
properties are highly sensitive to the porosity.

XIV. APPROXIMATIONS

Although the exact expressions for the wave speeds
attenuations are easy to compute, the functional trends
not immediately apparent from Eqs.~63! and~64!. Approxi-
mations for these expressions are derived in I and II, fr
which the various dependencies are more evident. Ju
summary of the results is given below.

By expanding Eqs.~63! and~64! in Taylor series to first
order in the small parametern, the following results are ob
tained:

cp'c0A11Gp1
4

3
GsF11

2bp

p
lnuvTuG , ~69a!

bp'
npGp

4~11Gp!
sgn~v!, ~69b!

ap'
npuvuGp

4c0~11Gp!3/2, ~69c!

and

cs'c0AGsF11
2bs

p
lnuvTuG , ~70a!

bs'
np

4
sgn~v!, ~70b!

as'
npuvu

4c0AGs

. ~70c!

For brevity, normalized stress-relaxation moduli have be
introduced in these expressions,

Gp5
gp

r0c0
2 ~71a!

and

Gs5
gs

r0c0
2 . ~71b!
2811 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
m-
to

t
e
re
ed
i-

f
-

,
s-

e

nd
re

a

n

It is clear from the approximations in Eqs.~69c! and
~70c! that the predicted attenuation of the compressional
shear wave both scale as the first power of frequency. Th
confirmed in Fig. 7, where the exact expressions for the
tenuations can be seen to follow an essentially linear sca
with frequency over several decades.

The approximate wave speeds in Eqs.~69a! and ~70a!
show logarithmic dispersion, the form of which is identic
with that found by several other authors31–36 for a wave
whose attenuation scales as the first power of frequency.
dispersion scales with the loss tangent,b, or inversely as the
Q. Thus the level of dispersion in the shear wave is sign
cantly higher than that in the compressional wave. For
SAX99 site,bp'0.01 andbs'0.07, yielding dispersion of
approximately 1.5% and 10.3% per decade of frequency
the compressional and shear wave, respectively.

At 1.5% per decade, the predicted dispersion in the co
pressional wave is comparable with the experimental va
obtained by Wingham39 for a medium sand. It is also simila
to the dispersion in saturated glass beads measured
Hovem and Ingram66 in the frequency range between 15 a
300 kHz. The overall trend of their data is logarithmic with
slope of approximately 1.6% per decade. The Biot curve t
they attempted to fit to the data~their Fig. 3! seems to have
a slope that is too shallow and a magnitude that overe
mates the sound speed at the lower frequencies.

An interesting feature of the logarithmic approximatio
for the wave speeds is that, in the limit of low frequency, t
expressions in Eqs.~69a! and ~70a! diverge to negative in-
finity. In contrast, the exact expressions in Eqs.~63a! and
~64a! are well-behaved throughout the entire range of f
quency. At zero frequency, the exact wave speeds reduc
cp5c0 andcs50, and both attenuations are zero. These
just the properties of the equivalent suspension in wh
there are no grain-to-grain stresses. As mentioned ear
this limiting behavior is to be expected because the in
granular shearing depends on the rate of strain, which is z
in the limit of low frequency.

Although the logarithmic approximations and the exa
expressions for the wave speeds diverge at low freque
there is nevertheless a wide frequency range in which E
~69! and~70! accurately approximate the exact forms in Eq
~63! and ~64!. The logarithmic trend in the exact wav
speeds is evident in Figs. 6~a! and ~b!. A comparative dis-
cussion of the exact versus approximate forms has b
given by Buckingham.67

XV. ‘‘FRAME’’ ELASTICITY

Hamilton68 developed an empirical model of wav
propagation in unconsolidated granular materials in wh
the medium is treated as a Hookean elastic solid. In
model, the compressional and shear wave speeds are g
by the familiar expressions for an isotropic elastic mediu

ĉp5AK̂1 4
3 m̂

r̂0
~72!

and
2811ingham: Wave propagation, unconsolidated marine sediments
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ĉs5A m̂

r̂0
, ~73!

where the tilde denotes one of Hamilton’s elastic paramet
The bulk modulus of the saturated granular system isk̂, the
bulk density isr̂0 , and the shear modulus ism̂. Hamilton68

extended the elastic model to include dissipation by mak
m̂ and the second Lame´ constant,l̂5k̂22/3m̂, complex.
This he referred to as a viscoelastic model. He let the ima
nary parts of the Lame´ coefficients be independent of fre
quency simply because this yielded attenuations that sc
as the first power of frequency.

A recurring difficulty with the viscoelastic model, as di
cussed by Hamilton,68 is the evaluation of the system bu
modulus,k̂. As others had done before him, Hamilton a
sumed implicitly that the unconsolidated granular medi
possesses a skeletal elastic ‘‘frame,’’ and that one com
nent ofk̂ is the frame bulk modulus,k̂ f . He was then faced
with the problem of determiningk̂ f . His solution was to fit
Gassman’s equation47 to available wave data, from which h
inferred a value for the frame bulk modulus. With a judicio
choice of the remaining elastic parameters, he then fo
that the equations of the elastic model could be made to
measured data rather well.

The equations of Hamilton’s elastic model may be int
preted in terms of the lowest-order approximations for
wave speeds predicted by the grain-shearing theory. Thu
the first-order, logarithmic terms representing dispersion
neglected, the wave speeds in Eqs.~69a! and~70a! reduce to
the zero-order forms

cp'Ak01gp1 4
3 gs

r0
~74!

and

cs'Ags

r0
. ~75!

These expressions have exactly the same structure as tho
Eqs.~72! and~73! for the wave speeds in an elastic mediu

Obviously, the bulk densities in the two models a
identical: r05 r̂0 . By comparing the expressions for th
shear speed, Hamilton’s shear rigidity modulus,m̂, may be
identified directly withgs , the shear rigidity conferred by
grain-to-grain translation, and, from the compressio
speeds, Hamilton’s bulk modulus for the system equate
follows:

k̂5k01gp , ~76!

where gp is the compressional rigidity coefficient of th
grain-shearing theory. According to Eqs.~74! and ~76!, two
factors are responsible for raising the compressional spee
the granular medium above that in the equivalent suspens
The larger of the two is the rigidity due to radial~compres-
sive! shearing, represented bygp . An order of magnitude
smaller is the rigidity introduced by translational sheari
and represented bygs . The frame bulk modulus may b
interpreted in terms of the former, that is, the rigidity due
intergranular shearing under compression.
2812 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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The Gassmann model47 yields the bulk modulus of the
system in terms of the ‘‘frame’’ bulk modulus,k̂ f , and the
bulk modulus of the equivalent suspension,k0 ,

k̂5k01
k̂ f~kg2k0!2

~kg
22k̂ fk0!

. ~77!

This expression is not as formulated by Gassmann, bu
readily derived from his original with a little algebra. Apa
from Hamilton,68 several authors have examined Ga
smann’s equation, including White and Sengbush69 and Wyl-
lie et al.40 As pointed out by Hamilton,68 when the bulk
modulus of the frame,k̂ f , is zero, the Gassmann equatio
reduces to Wood’s equation, that is,k̂5k0 , and when the
porosity, N, is zero, corresponding to an elastic solid,k̂
5k05kg . Hamilton68 also states, erroneously, that, whenN
is zero, the solution of Eq.~77! for the frame bulk modulus is
k̂ f5kg . Actually, k̂ f is indeterminate from Gassmann
equation whenN50. It follows that the four points on the
ordinate in Hamilton’s68 Fig. 2 are invalid.

From inspection of Eqs.~76! and ~77!, gp of the grain-
shearing theory may be linked to the elastic frame b
modulusk̂ f as follows:

gp5
k̂ f~kg2k0!2

~kg
22k̂ fk0!

. ~78!

This equation may be inverted to yield

k̂ f5
gpkg

2

~k02kg!21gpk0
. ~79!

Thus an ‘‘effective’’ elastic frame with a bulk modulus,k̂ f ,
as given by Eq.~79!, is equivalent, at this lowest order o
approximation, to the compressional rigidity that arises fro
radial ~compressional! shearing at the grain contacts.

Of course, by assuming an elastic frame at the out
many of the wave properties will be lost. For instance,
Hamilton68 makes clear, his viscoelastic model is purely e
pirical and does not account for subtleties such as freque
dispersion in the wave speeds. Nor does it identify any c
relations between the wave speeds and attenuations,
leaves them unconstrained. There are four free paramete
the viscoelastic model, the bulk modulus, the shear modu
and the imaginary parts of the two Lame´ coefficients. These
can be individually adjusted to fit any wave-data set in wh
the two wave speeds are essentially independent of
quency and the two attenuations scale as the first powe
frequency. In contrast, in the grain-shearing analysis,
wave properties are causally connected and hence he
constrained.

On a historical note, in addition to recognizing that
saturated sediment exhibits shear rigidity, which supports
transmission of a transverse wave, Hamilton68 was also
aware that the speed of the compressional wave is gre
than that predicted by Wood’s equation. He attributed
enhanced compressional wave speed to two factors, ‘
presence of both~shear! rigidity and a frame bulk modulus.’’
His viscoelastic model@Eqs. ~72! and ~73!# embodies these
ideas, and, although he did not specify physical mechanis
he recognized that the shear rigidity and the frame b
2812ingham: Wave propagation, unconsolidated marine sediments
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s

modulus both originate in grain-to-grain interactions. This
exactly as has been argued above, where the frame
modulus is identified with the rigidity arising from radia
~compressional! sliding, and the shear rigidity with transla
tional sliding. Hamilton’s68 remarkable insights, expresse
some three decades ago, provide an excellent foundatio
understanding wave propagation in granular media.

XVI. CONCLUDING REMARKS

The linear theory of wave propagation in unconsolida
granular media developed in this paper is based on two
tinct types of grain-to-grain interaction, translational and
dial shearing, which occur during the passage of a w
through the medium. Both types of shearing are treated
random stick-slip process consisting of a sequence of
crete ‘‘micro-events.’’ Each such event involves one mic
asperity slipping against another to produce a determin
pulse of stress, a process which occurs as the medium re
after the application of a dynamic strain.

The mean stress, which governs the wave propertie
derived as an ensemble average of the random successi
stress-relaxation pulses. This average takes the form
temporal convolution between the probability that a slip
triggered and the pulse shape function for a single str
relaxation event. The probability density function is propo
tional to the velocity gradient normal to a grain contact,
equivalently, to the rate of strain across the boundary.
pulse shape function is established from a simple mode
strain-hardening, which is based on the physics of the v
thin film of pore fluid separating mineral grains. The resu
ant pulse shape function, or material impulse response fu
tion ~MIRF!, is essentially an inverse-time fractional pow
law.

With the stresses due to intergranular interactions sp
fied as temporal convolutions, the Navier–Stokes equatio
derived from the full stress tensor for the granular mediu
A standard separation of the Navier–Stokes equation yi
two wave equations, one for compressional and the othe
shear disturbances. Both are true wave equations, e
though the medium is treated as a fluid in the sense of p
sessing no skeletal elastic frame. By Fourier transform
these equations into the frequency domain, simple algeb
expressions for the wave speeds and attenuations are d
oped. These expressions depend explicitly on frequency
the porosity of the sediment.

The theoretical expressions for the compressional
shear attenuation both scale essentially in proportion to
first power of frequency. They compare very favorably w
the published frequency dependence of compressional
shear wave attenuation data over many decades of freque
The wave speeds are predicted to exhibit weak, ne
logarithmic dispersion, the level of which scales with t
loss tangent. Thus dispersion in the shear wave is estim
to be significantly higher than that in the compressio
wave. These logarithmic expressions for the wave speeds
consistent with the Kramers–Kronig relationships, whi
lead to an identical form of logarithmic dispersion for a
wave exhibiting an attenuation that scales with the fi
2813 J. Acoust. Soc. Am., Vol. 108, No. 6, December 2000 M. J. Buck
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power of frequency, regardless of the physical mechan
responsible for the attenuation.
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APPENDIX: WAVE PROPERTIES VERSUS GRAIN SIZE
AND DEPTH IN THE SEDIMENT

The coefficientsgp and gs scale with the mean rate
np,s , of stress-relaxation events in the interval@0,T#. These
mean rates are proportional to the total number of asper
available for sliding. Thus for translational shearing,ns is
proportional to the area of the surface of contact, and
radial shearingnp is proportional to the radius of the circle o
contact.

The Hertz theory70 of identical elastic spheres presse
together by a forceF gives the radius of the circle of contac
as

a5A3 3

8
F

~12ug
2!

Eg
ug, ~A1!

where ug is the diameter of the spheres and (Eg ,ug) are
Young’s modulus and Poisson’s ratio for the material co
prising the spheres. Equation~A1! applies to spheres that ar
frictionless. If the spheres are identified with mineral grai
then F scales with depth,d, in the sediment, and it follows
that

np}~ugd!1/3 ~A2!

and

ns}~ugd!2/3. ~A3!

Thus according to the Hertz theory,gp,s depend on grain size
and depth as follows:

gp5gopS ugd

u0d0
D 1/3

~A4!

and

gs5gosS ugd

u0d0
D 2/3

, ~A5!

where gop , gos are scaling constants, andu051000mm,
d050.3 m, are normalizing factors, introduced solely to ke
the bracketed terms dimensionless.

When the expression forgs in Eq. ~A5! is substituted
into Eq. ~75!, the speed of the shear wave is found to be

cs'S ugd

u0d0
D 1/3Agos

r0
. ~A6!

Figure 5 in II compares this expression, plotted as a funct
of grain size, with data on the shear wave speed as a func
of grain size. The data show some scatter but straddle
~A6! over three decades of grain size. The variation ofcs as
the one-third power of depth,d, has been observed in sand
2813ingham: Wave propagation, unconsolidated marine sediments
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by Richardsonet al.,71 and Hamilton72 proposed a similar
power-law scaling, of the formcs}d0.28, based on a curve fi
to data for sands.

The speed of the compressional wave varies relativ
slowly with grain size and depth in the sediment. As p
dicted by Eqs.~74! and~A4!, the grain-size dependence ofcp

compares favorably with data over three decades of g
size ~see Fig. 8 in I!. The predicted depth dependence ofcp

appears to be consistent with data from the West Flo
Sand Sheet reported by Richardson and Briggs.61

It should be borne in mind when evaluating the gra
size dependence of the wave speeds and attenuations th
expressions involver0 andc0 , both of which are functions
of the porosity, and the porosity varies with the grain size
I, a relationship between porosity and grain size was p
posed, based on a randomly packed, rough-grain mode
the sediment,

N512PH ug12D

ug14DJ 3

, ~A7!

where P50.63 is the packing factor of a random, clos
packing of smooth spheres, andD is the r.m.s. grain rough
ness. WhenD50, Eq. ~A7! yields N50.37, which is the
correct porosity for a random packing of smooth spheres73

In sediments, it is well known thatN is not single-valued
in the grain size, one reason being that the grains of a g
size may show different degrees of roughness. For m
sands,D lies somewhere between 0 and 10mm. If D is
treated as a parameter, any of the wave properties, say
approximate expression for the shear speed in Eq.~A6!, can
be evaluated as a function of grain size with the aid of E
~A7!. A family of curves will be obtained, each associat
with a particular value ofD. For a specific sediment,D may
be estimated from Eq.~A7! if N and ug are both available
from experimental measurements.

Although the Hertz theory yields grain-size an
sediment-depth dependencies that appear to align reaso
well with the few existing data sets, it may be found, as n
data become available, that a better description of grain c
tact mechanics is required. For instance, the assumption
the grains are frictionless, which is central to the He
theory, may have to be relaxed. This, and other poss
refinements to the treatment of the contact mechanics, c
lead to grain-size and sediment-depth dependencies tha
fer from those in Eqs.~A2! and ~A3!. Corresponding differ-
ences would then be expected in the predicted wave sp
and attenuations as functions of grain size and sedim
depth.
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